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Abstract Nonlinear discretization vibration equations are derived for loudspeaker revolution shells. The nature modes

of loudspeaker revolution shells are chosen to discretize the continuous body according to the virtual work principle.

Geometric nonlinearities are accounted for by utilizing the strain-displacement relation of the Sanders nonlinear shell

theory. The coefficients of the equations are determined by the finite element method. The equations show that the

axisymmetric mode is driven directly, whereas the asymmetric modes are excited by the axisymmetric mode through

a parametric excitation. The equations can be used to analyze the subharmonic distortion, harmonic distortion and

intermodulation distortion caused by the loudspeaker shell nonlinearity.
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r[p2(q) + p3(q) + p4(q)]dθds ≡
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M11(q̈, δq) + P11(q, δq) + P21(q, δq)+

P31(q, δq) = W11(F, δq),
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x(t)

[
U (0)(s), 0, W (0)(s)

]
,

z(t)
[
U (n)(s) cosnθ, V (n)(s) sin nθ, W (n)(s) cos nθ

]
,
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(
U (0), 0, W (0)
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αn(t)
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U (n),−iV (n), W (n)

)
einθ + cc,
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ÅêÆ4±
cc ã Ï�
�@����¹�����L�É�� ²4Å (5) à Å (6)ð�·�4�6�ß�É�Þ�ß�é

α0 = x, αn = αn = z/2. (7)Å
(6) � ¯�Ä�é

q = α0(t)y0(s) + αn(t)Yn(s)einθ + cc ≡

α0(t)y0(s) + αn(t)yn(s, θ) + cc.
(8)

ô�Å
(8) ã ø�À�Á�Â�Ã (2)

¹�@
2
�±_·�é

M11(q̈, δq) = α̈0M11(y0, δq) + α̈nM11(yn, δq) + cc,

P11(q, δq) = α0P11(y0, δq) + αnP11(yn, δq) + cc.
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M11(yi, yi)α̈i = miα̈i,

P11(yi, yi)αi = miω
2
i αi, (i = 0, n).
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P21(q, δq)
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¹�ß�É

Ï���Å 1
q ,�- Ô�Ë�± &�ô�Ô�Ë�.�/ Æ ¹ δq 0 � 46

q1

·�¸�±
	
P21(q, δq) ∼ q2δq,

P111(q, q1, δq) ∼ 2qq1δq.
(13)
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(12)
Æ Ë�Ì��

δq = yi(i = 0, n),
²IL�M�É��

É�¹�� � »�·�é
P21(q, y0) = P21(y0, y0)α

2
0 + P111(yn, yn, y0)αnαn,

P21(q, yn) = P111(y0, yn, yn)α0αn.

(14)

Ö�9�¹�:�;�·�¸
4
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P31(q, y0) = P31(y0, y0)α
3
0+

P1111(y0, yn, yn, y0)α0αnαn,

P31(q, yn) = P211(y0, yn, yn)α2
0αn+

P211(yn, yn, yn)α2
nαn.
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¹]Ç]È]É]Ê]Ë]Ì<&]Î]Ï]Ð

4Î ,]Ô]ñ Æ
4 6]¹ ' Ë]±
P211 à P1111

 1 , �
�(� 4 6 ±�
 á() Ï(� Å Ë Ì Ä P211(q, q1, δq) à
P1111(q, q1, q2, δq),


�*�K�+	Å	¹	·	¸�=	Ã�A�Å
(13)Æ

P111(q, q1, δq)
¹�>���±
	

P31(q, δq) ∼ q3δq,

P211(q, q1, δq) ∼ 3q2q1δq,

P1111(q, q1, q2, δq) ∼ 6qq1q2δq.
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E
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F (t) = Bli = BlIm cosωt = Fm cosωt. (17)
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W11(F, δq) = (2π)−1

∫ 2π

0

F (t)δuaxdθ, (18)

ÅêÆ4±
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�_Å
(18)

Æ Ë
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δq = yi(i = 0, n),
·�é

W11(F, y0) = F (t)uax, W11(F, yn) = 0, (19)
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(10) � Å (14) � Å (15) à Å (19) ã ø�ÂÃ
(2),
·	¸����	ó	¹����� ���	�)	¼�½	¾	¿	»�4�6

*�Á�Â�Ã
m0α̈0 + m0ω

2
0α0 + P21(y0, y0)α

2
0+

P111(yn, yn, y0)αnαn + P31(y0, y0)α
3
0+

P1111(y0, yn, yn, y0)α0αnαn = F (t)uax,

mnα̈n + mnω2
nαn + P111(yn, y0, yn)αnα0+

P211(y0, yn, yn)α2
0αn+P211(yn, yn, yn)α2

nαn =0.

(20)� ��Å
(7),
��V�Â�Ã	�	
�Ä�é

ẍ + ω2
0x + b̂1x

2 + b̂2z
2 + b̂3x

3 + b̂4z
2x = F̂a cos(ωt),

z̈ + ω2
nz + b̂5xz + b̂6x

2z + b̂7z
3 = 0.

(21)��� ÆW±���4�6 S ï4O�Q	¹����� � ��¼ ½	ëì�±��	�	�	����Å Æ ¹	��$�C�È
x à z

² ¼	½�ë�ì
D	Õ��	ó��
+�� à ;�!�$ < ��� �� �¹�� ?���� !$

ωc

D�Õ	��ó�±
	
τ = ωct, Ω =

ω

ωc
, Ω0 =

ω0

ωc
, Ωn =

ωn

ωc
. (22)
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[8],
	

E = E(1 + iδ̂),
Å Æ

δ̂
Ä

$	%	&	' ��5 �_û�ü�D�Õ	�	ó�Å
(22) à �	� � ±_ÂÃ

(21)
�	
 � é

ẍ + 2µ̂0ẋ + Ω2
0x + b̂1x

2 + b̂2z
2+

b̂3x
3 + b̂4z

2x = F̂a cos(Ωτ),

z̈ + 2µ̂nż + Ω2
nz + b̂5xz + b̂6x

2z + b̂7z
3 = 0,

(23)

Å Æ ¹�ß�É�Ä�é
b̂1 =

P21(y0, y0)

m0ω2
c

, b̂2 =
P111(yn, yn, y0)

4m0ω2
c

,

b̂3 =
P31(y0, y0)

m0ω2
c

, b̂4 =
P1111(y0, yn, yn, y0)

4m0ω2
c

,

b̂5 =
4m0

mn
b̂2, b̂6 =

2m0

mn
b̂4, b̂7 =

P211(yn, yn, yn)

4mnω2
c

,

F̂a =
Fmuax

m0ω2
c

, µ̂0 =
Ω2

0δ̂

2Ω
, µ̂n =

Ωnδ̂

2
.

(24)��Å Æ��	��ß�É
µ0 à µn
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60��¹�¾�¿�»0= � �� á ?0>0? ¹�80@�9�± E 1�F 46 à ¾�E 1�F 4�6	¹�7	Â	¾	¿	»�= � 	¹�N�Å�9�%

Ö�¹�± Ë�Ì�Ä
z2 à xz

� ��6 ±A201 �  ^ ¹�E 1�F
4�6�'�A� ^ !�$	Ö�! $	¹ ��J *�Á	±�B E 1�F 46 1 ¾ E 1 F 4 6�Ï%8�Ä�C�É  ^ ±
�  ^ ! $ à�Wò�!�$�D�E

Ω ≈ 2Ωn,
¾�E 1�F 4�6	õ	á B )�*Ç	ô�7�8�F B ¹�C	É� ^ *	Á [11], G � 7�8 1/2

Ë
J H�� �0H�!0I�Õ�+�± %�Ö �4ò�!�$�¹�¾�E 1�F 4�6/�	J�± G � õ	2	K ? !�$	L#M�7�8	N�Ë�!	O	P��
2.2 3 Q	R	S	T	U	V	W	X	Y	Z	[\ N

1,
ä�Á�!�$�%	] � ����¾�E 1�F 4�6�� ò

!�$�¹
2 ^ � 6 +�±�¾�E 1�F 4�6�%040/�0J�*�Á�±Â�Ã

(23) � ó�Ä�é
ẍ + 2µ̂0ẋ + Ω2

0x + b̂1x
2 + b̂3x

3 = F̂a cos(Ωτ). (25)ý�Â�Ã�ð�����Ë�00J06�õ
Ω ≈ Ω0/2 à Ω ≈ Ω0/3

!
$	L#M ¹

2
Î à 3

Î J H	O	P�±]²I������ ���	�)¼]½	õ	Ë�_�*	Á�!�`�a���bdcWÉ	¹�e�"�f	õ	á	ß�g
¹ �4ò�4�6 à �4ò�!�$�± ��6 �0H�!	I�Õ�+�± õ�á�ßg�!�$0LhMP7�8 J H0O0P�� 1 ���� �0i ±3j�����Vk ? E 1�F 4�60l�7�8�� Ω ≈ 2Ω0 à Ω ≈ 3Ω0

!�$
LdMW¹

1/2 à 1/3
Ë J H�O�P	á�)�%�4�J�6	± � Ä6 +�!�$ 24Ü�����± ��%�¸0506�Ë J H�¹hmn��*0o��\ N

2, Ω ≈ 2Ωn, p E 1�F *�Á0q0����*0.�6��² 1 Â Ã
(23)
¹srstsusv ± 6 + E 1 F * Á 1 ¾ E 1

F 4�6�Ï�8�Ä0C�É0w���*� ^ �yx0z0J�8 6 +0/0= ��J	¹	¾�E 1�F 4�6�*�o�q�����E 1�F *	Á�*�o	±
p0{0| º0}�¾�¿�» � » [6] , ~ É0��*�K�Ï W4Â�Ã (23)Ä��	º�}	¾	¿	»	ß����_ý�%]á���»d��������¾����
�	±���L�:�; à�� Î���K�Ï W Â�Ã à É��%.%/�9%�� ¹��9�0��\0�0�0��û�40��¹�� � »	�9�0��L0�	� �
J�8	��û�ü�ö � 4
6 �û	ü�����V	¾�E 1�F 4�6�*�o�q���� E 1 F *
Á�*�o���x�z���x	Ø��	¾�E 1�F 4�6�E�����*�.�6
�	�#���	��	� �	� ���	��C	Õ	� Â�Ã (23) � ó	l�	
�Ä�é

ẍ + Ω2
0x = F̂a cos(Ωτ) − b̂2z

2, (26)

z̈ + 2µ̂nż + Ω2
nz + b̂5xz + b̂7z

3 = 0. (27)ð	Ø�I���/ E 1�F *	Á æ �J���*�o�]����	¾�E 1
F 4�6

z
]	ñ� �=	¾	¿	»�= � &��J�
�¡���4�6��Ä�¢�V�Â�J	� F �	£�4�6�Ä

“
= � &�	J�4�6 ”

�_Ø
Ç�Ë�0êÆn�9( B = � &�0J�4�6�%�E�����*0.�6��9¤¥	¦ "	§	¨	��©�Â�Ã

(26),
�

x = xF +
∑

i,j

xij , (28)

Å Æ��
xF

Ä#ª�!�å	1 � ä�Á	��E 1�F *�Á	� �
xij
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ã Ï0= � &�0J�4�6 (
Ç�È

i, j
Ë�Ì ã Ï�4�60��7êïH�É à � ï�b#c É )

� ���
xF

Ä�é
xF =

−F̂a

Ω2 − Ω2
0

cosΩτ ≡ K̂ cosΩτ, (29)

�
xij

�	D	E�é
ẍij+Ω2

ijx=−b̂2(ij)z
2, (i=0, 2n; j =1, 2, 3, · · · ). (30)ª � = � &  J 4 6 ª � * ¾ E 1 F 4 6

z(t)Yn(s) cosnθ
7]Â]¾]¿]»  J � �<� 
 7 ï
H]É

,�Ä
0
�

2n
��I

z
� ò�>�Ç�N�Å	��8�é

z = an cos[(Ωτ − ϕn)/2], (31)B#ª Â�Ã
(30)

8���é
xij = −

b̂2(ij)a
2
n

2Ω2
ij

+
b̂2(ij)a

2
n

2(Ω2 − Ω2
ij)

cos(Ωτ − ϕn). (32)

� ��Å
(31) à Å (32),

������Î J H	�_Â�Ã (27)
Æ

��¾�¿�»��Ï�Ä�é
b̂5xz + b̂7z

3 ≈ b̂5xF z +
3

4
b̂7ea

3
n cos

Ωτ − ϕn

2
, (33)Å Æ�� ��� � + Â�¾�¿�»�ß�É b̂7e

Ä�é
b̂7e = b̂7 −

∑

i

∑

j

b̂2(ij)b̂5(ij)

3

(
2

Ω2
ij

+
1

Ω2
ij − Ω2

)
,

(34)Å Æ é
b̂2(0j)b̂5(0j) =

P111(ynj , ynj , y0j)
2

4m0jmnjω4
c

,

b̂2(2nj)b̂5(2nj) =
P111(ynj , ynj , y2nj)

2

8mnjm2njω4
c

.

(35)

j � �0� 
 1 b̂7e

����	 � C0� *�KêÆ j 
�� E��0�0�1 � b̂7e

õ� B�� ì Ò��������0� ª4Å
(29) à Å (33)

ô�Â�Ã
(27)

�0
 � é
z̈ + 2µ̂nż + Ω2

nz + b̂5K̂ cos(Ωτ)z + b̂7ez
3 = 0. (36)�(V Â Ã Ä�� + Â ¾ ¿ » � Mathieu
C É  ^ Â

Ã��
b̂7e

�%����� B ��¾�¿�»���� |�� » �_ð%1��1 �  ^ ��E 1�F *	Á 1 ¾�E 1�F 4�6���C�É� ^
'��0� � = � &�0J�4�6�@�_�`�� + Â�¾�¿�»�ß�É0���C à ����� ��� E 1�F *	Á�*�o�� B � 1/2

Ë JH0��9���7�80�y= � &�0J�4�6�� B ��Ë J H0�0��C

à ¾�¿�»	� | � � » [6]
�_¼�����Ï�8�Ä	��º	}_¾�¿

»0� � ¼�½�õ0� � É \ N�Ç�Ï�8�Ä | º0}�¾�¿�»	�9�9hª���@��0����L�å�9 1�F �0�! �ò + Â�¾�¿�»�� �� �0����L�å
9�¾ 1�F �0� #�ò07�Â�¾�¿�»�� ªI�07
Â�¾�¿�»���Ï�8�Ä | º0} � » (

1�Å
(34)),

��6 ¼�½
õ	� � É \ N�Ç { 8�Ä | »�¾�¿�»����� � 	

12
��Â�/�ð�Ø�" W0ª�8

(29) � Â�Ã (36)' � ��8�ß	� à ª Â�Ã (26) � (27) � (30)
' � �	§ß	� ��� �
	�#��	��8 à 8	�	F B »�Ü�Ö��\ N

3, Ω ≈ Ω0 ≈ 2Ωn

� 6 +�� ªB�
2 ? 4�6� �4ò�!�$ � (�É ^ Þ�ß0��ß0��ô�7�8 æ�$ � “
ÒP�

*
”
80@

[11]
� ª���E 1�F *�Á�]0/���*�0J0�

2 ? 46�*	o�Ö�Õ�%
[7],
��%�����Ë�0]Æ �&ð	����Â�Ã

(23)� + Â�¾�¿�»�	�&��é
ẍ + 2µ̂0ẋ + Ω2

0x + b̂1x
2 + b̂2z

2 = F̂a cos(Ωτ),

z̈ + 2µ̂nż + Ω2
nz + b̂5xz = 0.

(37)

6 +0� 8�7�8
1/2
Ë J H�*�Á�!0� <�ô0506 ��'�� L( ¾�¿�»�80@

[7],
ð�8�)0��*0������Î�+0I0�0�����

 ��' 8	@ [13]
�

2.3 ,�-�.�/�0�1	W	X	Y	Z	[1 ¼�½	��2
2 3 *�Á	�_ð�I	C�A�4�6�Ä�é

q =

m0∑

m=1

α0m(t)y0m(s)+

g∑

n=1

mn∑

m=1

[αnm(t)Ynm(s)einθ + c.c.]

(38)

Å Æ��
g
Ä�4	����(�É	�

m
Ä	� ï�b#c É	�

mn

Ä
1 ,��

n ? 7 ïIH�É�4�6	�		�
H	b�É��&5
ynm(s, θ) = Ynm(s)einθ,

Y−nm(s) = Y nm(s),

α−nm = αnm,

(39)

B�ò
y−nm(s, θ) = ynm(s, θ), p Å (38)

ð	
 � é
q =

g∑

n=−g

mn∑

m=1

αnm(t)ynm(s, θ). (40)

��=�A��	��Â�Ã
(20)

��Ü���:�;	�&��À�Á�Â�Ã�é
|

mnmα̈nm + mnmω2
nmαnm +

n/2∑

n1=n−g

mn1∑

m1=1

mn2∑

m2=1

G1αn1m1
αn2m2

P111(yn1m1
, yn2m2

, ynm)+

n/3∑

n3=−g

(n−n3)/2∑

n4=max(n3,
n−g−n3)

mn3∑

m3=1

mn4∑

m4=1

mn5∑

m5=1

G2αn3m3
αn4m4

αn5m5
P1111(yn3m3

, yn4m4
, yn5m5

, ynm)

=

{
F (t)uax, n = 0,

0, n 6= 0,
(n = 0, 1, · · · , g; m = 0, 1, · · · , mn),

(41)
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2012 �
Å Æ��

m2 à m5 

��+���� > L	� � ªIL�M�É���É��� � »	��@��

P111 à P1111

Æ × 4�6�Ç�È	��7 ïH	É�� à Ä�U�+���
���%	Ä�U�� ��� n2 à n5

%�7
8�õ�� à�� Æ���¡	��Ë�Ì�Ä�é

n2 = n − n1, n5 = n − n3 − n4. (42)

G�!	�4Å
(41)

Æ����
P111(yn1m1

, yn2m2
, ynm)

Æ��
2

? 4�6 yn1m1
à yn2m2

Ü�Ö�+0� 
 G1 = 1/2,
%�Ö�+


 G1 = 1;
�

P1111(yn3m3
, yn4m4

, yn5m5
, ynm)

Æ��
3

? 4�6 yn3m3
, yn4m4

à yn5m6

Ü�Ö�+	� 
 G2 = 1/6,

2 ? 4�6�Ü�Ö�+0� 
 G2 = 1/2, 3 ? 4�6 × %�Ö�+0� 

G2 = 1

� ��V 
 �� B 9#ªI� (
©�Å

(13) à Å (16))

P21(q, δq) = P111(q, q, δq)/2,

P31(q, δq) = P1111(q, q, q, δq)/6,

P211(q, q1, δq) = P1111(q, q, q1, δq)/2.

(43)

20g�7�7êï�H�É�Ë�Ì�Ä
0, n à 2n

: ? 4�60�0=
� *�Á�Â�Ã0� ð0J�802�!�$0D0E Ω ≈ 2Ω2n ≈ 4Ωn,

 
=	C�É� ^ � E 1�F *�Á�ð�����	J

2n
4�6	�

1/2Ë J H�*	Á�� ��� �	ð��J n
4
6��

1/4
Ë J H�*Á����	ð	Ø�8�)�x�z 2 J%8���� �� � HUÆ�� �	â

Ë J H�*�Á [13−14]
�

Â�Ã
(20)

ð#ª Â�Ã
(41) � ó��	���

2.4 Z	[���		W�
��1 á�)�N�.�� 2�3��� �
�%V������	ß�É����
��� É�����/������ ��� � �	ò -�.�É���� / à��

� � � � Sanders ����� �� ¨	t [9]
� ªI��Ø����

7���*�K�+���%�������4�6�í��Uï�� � )��� �� �
6�! ��4�6	�	� ï�b#c"��#��

���dª$#�%��	ò�-�.�/�¤�����* K ��� � ò�!$ à 4�6�é
(−ω2

nM (n) + K(n))y(n) = 0,
(∣∣∣W (n)

max

∣∣∣ = h
)

, (44)

�'&��
M (n)

����Õ�(�)	�
K(n)

��*�ì�(�)	�
y(n)

� 4 6����iï+��, �.- � ¤����%* K������ �.� ß/ é
M11(yn, yn) = 2πy(n)tM (n)y(n),

P11(yn, yn) = 2πy(n)tK(n)y(n).
(45)

1 ����� ß / � ¤ ¥ � (13) à � (16)
�	��0 1

1�2
B
��7	��,�3�ñ�'�3���*�K��	�

P111(q, q1, δq)à P1111(q, q1, q2, δq),
	 ð � 74�4�

(41)
& � �

�5� ß / � * K +5� � � ) : ; =5� 1 �56 15,�5� JhCêûh���5758 � 
 . / ��75� �5�5� ß /
P111(yj , yn−j , yn)

*�K�+����
[15]:

P111(yj , yk, yn) = 2πK

∫ b

a

r
[
E(n)tζ + B(n)tη

]
ds,

(46)�'&��
k = n − j, 9 M�:�ì K = Eh/(1 − ν2),

,�3
� ï"��,�(�)

E(n) à B(n)( ;�� &�� /�< ã�= 7 ïH / �>��?
)
� = ����1 1�2 C,

g�(�)
ζ à η

���
,��

E(n) à B(n)
����, =�@ ��é

|

ζ1 = −s(j)s(k)
[
νB

(j)
θ B

(k)
θ + B(j)B(k) + νB(j)B(k)

]
+ B

(j)
s B

(k)
s ,

ζ2 = −s(j)s(k)
[
B

(j)
θ B

(k)
θ + B(j)B(k) + νB(j)B(k)

]
+ νB

(j)
s B

(k)
s ,

ζ3 = ν1

[
s(j)B

(j)
θ B

(k)
s + s(k)B

(j)
s B

(k)
θ

]
,

η1 = B
(j)
s

[
E

(k)
s + νE

(k)
θ

]
+
[
E

(j)
s + νE

(j)
θ

]
B

(k)
s − ν1s(j)s(k)

[
E

(j)
sθ B

(k)
θ + B

(j)
θ E

(k)
sθ

]
,

η2 = s(j)B
(j)
θ

[
E

(k)
θ + νE

(k)
s

]
+ s(k)

[
E

(j)
θ + νE

(j)
s

]
B

(k)
θ + ν1

[
s(j)E

(j)
sθ B

(k)
s + s(k)B

(j)
s E

(k)
sθ

]
,

η3 = ν2

{
s(j)B(j)

[
E

(k)
s + E

(k)
θ

]
+ s(k)

[
E

(j)
s + E

(j)
θ

]
B(k)

}
,

(47)

�'&��
ν1 = 1 − ν, ν2 = 1 + ν, s(n)

��>�� B $	��A
� � / é

s(n) =





+1, n > 0,

0, n = 0,

−1, n < 0.

(48)

���
(41)

& + � ����� ß / P1111(yj , yk, yl, yn)*�K�+����
[15]:

P1111(yj , yk, yl, yn) = 2πK

∫ b

a

rB(n)tλds, (49)

�'&��
l = n − j − k,

g�(�)
λ
����,���é
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λ1 = −s(k)s(l)B
(j)
s

[
ν2B

(k)B(l) + B
(k)
θ B

(l)
θ

]
− s(j)s(l)B

(k)
s

[
ν2B

(j)B(l) + B
(j)
θ B

(l)
θ

]
−

s(j)s(k)
[
ν2B

(j)B(k) + B
(j)
θ B

(k)
θ

]
B

(l)
s + 3B

(j)
s B

(k)
s B

(l)
s ,

λ2 = s(j)B
(j)
θ B

(k)
s B

(l)
s + s(k)B

(j)
s B

(k)
θ B

(l)
s + s(l)B

(j)
s B

(k)
s B

(l)
θ −

s(j)s(k)s(l)
{

3B
(j)
θ B

(k)
θ B

(l)
θ + ν2

[
B

(j)
θ B(k)B(l) + B(j)B

(k)
θ B(l) + B(j)B(k)B

(l)
θ

]}
,

λ3 = ν2

{
s(j)B(j)B

(k)
s B

(l)
s + s(k)B

(j)
s B(k)B

(l)
s + s(l)B

(j)
s B

(k)
s B(l)−

s(j)s(k)s(l)
[
6B(j)B

(k)B(l) + B(j)B
(k)
θ B

(l)
θ + B

(j)
θ B(k)B

(l)
θ + B

(j)
θ B

(k)
θ B(l)

]}
.

(50)

ªWá�) � � (47) à � (50),
l	û	ü����

(43),
ð������

(20)
� � � ��� ��7�� à + � ����� ß / *�K+���é

P111(yn, yn, y0) = 2πK

∫ b

a

r
[
l1E

(0)
s + l2E

(0)
θ + l3B

(0)
s

]
ds,

l1 =
[
B

(n)2
s + B(n)2

]
+ ν

[
B

(n)2
θ + B(n)2

]
,

l2 = ν
[
B

(n)2
s + B(i)2

]
+
[
B

(n)2
θ + B(n)2

]
,

l3 = 2
[
E

(n)
s B

(n)
s + νE

(n)
θ B

(n)
s + ν1E

(n)
sθ B

(n)
θ

]
,

P21(y0, y0) = P111(y0, y0, y0)/2 = 3πK

∫ b

a

r
[
E(0)

s + νE
(0)
θ

]
B(0)2

s ds.

(51)

P1111(y0, yn, yn, y0) = 2πK

∫ b

a

r
[
3B(n)2

s + B
(n)2
θ + (1 + ν)B(n)2

]
B(0)2

s ds,

P211(yn, yn, yn) = P1111(yn, yn, yn, yn)/2 =

πK

∫ b

a

r
{
3B

(n)4
θ + 3B(n)4

s + 2B(n)2
s B

(n)2
θ + 2(1 + ν)B(n)2

[
3B(n)2 + B(n)2

s + 3B
(n)2
θ

]}
ds,

P31(y0, y0) = P1111(y0, y0, y0, y0)/6 = πK

∫ b

a

rB(0)4
s ds.

(52)

�
(35)

&��
P111(yn, yn, y2n)

��*�K�+���?�9#ª"�
(47)

�	��é
P111(yn, yn, y2n) = 2πK

∫ b

a

rP̃ds,

P̃ = E
(2n)
s

[
B

(n)2
s − νB

(n)2
θ − ν2B

(n)2
]

+ E
(2n)
θ

[
νB

(n)2
s − B

(n)2
θ − ν2B

(n)2
]
+

2ν1E
(2n)
sθ B

(n)
θ B

(n)
s +

{[
E

(n)
s + νE

(n)
θ

]
B

(n)
s − ν1E

(n)
sθ B

(n)
θ

}
B

(2n)
s +

{[
E

(n)
θ + νE

(n)
s

]
B

(n)
θ + ν1E

(n)
sθ B

(n)
s

}
B

(2n)
θ + ν2

[
E

(n)
s + E

(n)
θ

]
B(n)B(2n).

(53)

� 6 � ������� ��������ß / * K%+��X2������7������#ª"�
(44)

*�K ��� � ò�!�$ à 4�6	�.-� ª"�
(45)

*�K ��� �ß / �� ��	 ©���V�+���*K ����� �ß / � +��'&�
�,	 �= 1�2 &"� (C2)
ª

2�u	� ��� 4�6�O�Q�*�K�������� �	ò�-�.����������4��� k�� �
3 �O�Q������

3 ����� ����������� Mathemtica �� 
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ñóò
A Sanders ôöõö÷87öøúùúûýüÿþ������� ùúû�����	�
úø�����

���������
εs = u,s + w/R1,

εθ = (v,θ + u sin α + w cos α)/r,

εsθ = (v,s + u,θ/r − v sin α/r)/2.

(A1)

�������
βs = −w,s + u/R1,

βθ = (−w,θ + v cos α)/r,

β = (v,s + v sin α/r − u,θ/r)/2.

(A2)

��� �����
κs = −w,ss + u,s/R1 − uR1,s/R2

1,

κθ = (βs sin α + βθ,θ)/r,

κsθ = [βs,θ/r + βθ,s − βθ sin α/r + (cos α/r −R−1

1
)β]/2,

(A3)�����
R1 � ������ �! �#"�$�%�� α � ����&�'�(�)�'�*+�, '�(�-���.

ñóò
B ùöû�����	�


/ '�0����������
ε̃s = εs +

β2

s + β2

2
,

ε̃θ = εθ +
β2

θ + β2

2
,

ε̃sθ = εsθ +
βsβθ

2
.

(B1)

����1�2�3�4��
p(q) =

K

2

{
ε̃2

s + ε̃2

θ + 2νε̃sε̃θ + 2(1 − ν)ε̃2

sθ+

h2

12

[
κ2

s + κ2

θ + 2νκsκθ + 2(1− ν)κ2

sθ

]}
,

(B2)

�����65�7�8 4
K = Eh/(1− ν2)

. �
(B1) 9�: � (B2) ;

2 <�=�> 3 <�=�? 4 <�= ����1�2�3@4A�
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p2(q) =
K

2

{
ε2

s + ε2
θ + 2νεsεθ + 2(1 − ν)ε2

sθ +
h2

12

[
κ2

s + κ2
θ + 2νκsκθ + 2(1− ν)κ2

sθ

]}
, (B3)

p3(q) =
K

2

{
(1 + ν)

[
(εs + νεθ)(β

2
s + β2) + (εθ + νεs)(β

2
θ + β2)

]
+ 2(1− ν)εsθβsβθ

}
, (B4)

p4(q) =
K

8

[
β4

s + β4
θ + 2(1 + ν)β4 + 2(1 + ν)

(
β2

s + β2
θ

)
β2 + 2β2

sβ2
θ

]
. (B5)

ñóò
C ùöûöø
	�� ����

? )���  �������� %����  ���� ? ��� d�i��
(u, v, w) =

[
U (n)(s),−iV (n)(s), W (n)(s)

]
einθ, (εs, εθ, εsθ) =

[
E

(n)
s (s), E

(n)
θ (s),−iE

(n)
sθ (s)

]
einθ,

(κs, κθ, κsθ) =
[
κ

(n)
s (s), κ

(n)
θ (s),−iκ

(n)
sθ (s)

]
einθ, (βs, βθ, β) =

[
B

(n)
s (s),−iB

(n)
θ (s),−iB(n)(s)

]
einθ.

(C1)

3�O S�H ��� ? ��� d�i���� :�� �
U (n) =

[
U (n) V (n) W (n)

]t
, E(n) =

[
E

(n)
s E

(n)
θ E

(n)
sθ

]t
= Ẽ(n)U (n),

κ(n) =
[
κ

(n)
s κ

(n)
θ κ

(n)
sθ

]t
= κ̃

(n)
U (n), B(n) =

[
B

(n)
s B

(n)
θ B(n)

]t
= B̃(n)U (n),

(C2)

O���� ����i��

Ẽ(n) =




d/ds 0 R−1
1

sin α/r |n|/r cosα/r

−|n|/(2r) (d/ds − sin α/r)/2 0


 ,

B̃(n) =




R−1
1 0 −d/ds

0 cosα/r |n|/r

|n|/(2r) (d/ds + sin α/r)/2 0


 ,

κ̃
(n) =




d/ds 0 0

sin α/r |n|/r 0

−|n|/(2r) (d/ds − sin α/r)/2 (cos α/r − R−1
1 )/2


 B̃(n).

(C3)


