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Abstract A numerical approach is developed to calculate the nonlinear sound field generated from a phased array based

on the superposition technique of Gaussian beams. The parameters of the phased array elements are first estimated from

the focal parameters using the inverse matrix algorithm; Then the elements are expressed as a set of Gaussian functions;

Finally, the nonlinear sound field can be calculated using the superposition technique of Gaussian beams. A 64×1 phased

array is performed in the numerical simulation. In the linear case, the difference between the results of the Gaussian

superposition technique and the Fresnel integral is less than 0.5%, which verifies the feasibility of the approach. In the

nonlinear case, the nonlinear fields of single-focus and double-focus modes are calculated. The results reveal that the

nonlinear effects can improve the focusing performance, and the nonlinear effects are related with the source pressures

and the excitation frequencies.
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 Û���
�� � [3−6] Þ����ÃáÃâÃã�S�T�� $�� è����Â��Ãî O�� Ý Û������Ü¶ÃÒ &�'��� O!� Ý Û Â�	" ¶øÒ äøå#� $#$#��G îøÂ#�#" ¶¸Ò����=8�9��=!�#
$�$�1øÛ#%�7#&�!�5�#�. Þ(' �#)¸Ò�!�#=$øÛ â=U Ù
Ú�*#+#,� ýõ#-#.�!�#�$ Â#	 Ò0/#1#23�4
#� �  �$
1�5�6ÃÛ�-�.�� � [7], 7�.�!�#�$ Â�	  Û�8�9 [8],

!�#�$ Â#	 Û#:#;�6#<�. [9] ,
@�A#=øè#>�,�@�A ùøú

#=. [10] � Þ4?�@�A Ù¸ÚW Ò�!=#=$¸Û Â�	 $���B �
2�C�D ç�E Ò�F�G�H�I Â ��JÜÛ0��� 
 ��K Þ �Üõ
HIFU K T  Ò ��� 
 ��K�L=%�M�N¸Ò�O=!=#=$=#=.P )�Q�R [11] Þ

��S�T�U ��
 Â�	 â�U & ¼�������� Ò´ÙÃÚ*!
#�$ÃÛ���� 
ÃÂ�	 Þ ¶�M�$��  > Æ�V0!�#0$ÜÅÃÙ
Ú=�#W Þ � 
#X#Y#Z Ò\[ ö#] ¼#�#�#�#� 6#^#_�`#ab G î Û�!�#�$ Â�	cb�d Ò >�egf ¼�������� 6��

 Â#	 â�U#T#U Û�%#h 
#i(j �øõ��#� 
#X#Y�Z Ò �
2 ¼�������� ÙÃÚ ] !�#�$�k ÀÃÝ�,�lÃÀÃÝ�=Ãè Û
��� 
ÃÂ�	 ÒF<�m U ] ��� 
 ��K0��!0#�$ Â�	 Û
�=� Þ
1 npopqprps

 n $�1ÃÛ�tÃ¶�5�6ÃÅÃ· u = [u1, u2, · · · , un]T,

m u À¸Ý Å¸· p = [p1, p2, · · · , pm]T, v¸ù Â��¸î¸À¸Ýw Û�����x ? Hm,n Å [3]:

Hm,nun = Pm, (1)

� 
�X�Y�Z Û�����x ? Å¸·
Hm,n =

iρck

2π

∫

Sn

e−ikr(m,n)

r (m, n)
dS′

n, (2)

ß  r
�#� $#� Ý &#%#y � 5�JøÛ#zøú#{#|¸Ò ρ & cb�}���� ��J�~��ÃÛ�� ¾�>�,ÜÂ�I Û���JÜþ ¾ Ò k

Å I ¶ Þ &='���
 Â�	 â=U %=G î [3] :

un = H+
m,nPm, (3)

ß  H+
m,n Å Hm,n Û���
 Þ /=� Ó�� À¸Ý 5=J¸Û ÂL &=!=5¸ÒF%�� 
���� $=1¸Û�t¸¶�5�6¸·

un = H∗T
m,n(Hm,nH∗T

m,n)−1Pm, (4)

ÅøÙøÚ=!�#�$øÛ��#� 
øÂ#	 Ò0�øØ S�T ¼#�øÂ�4#�#��
[12] Þ=ß¸á¸â¸ã é�� ì�� Û ��� X�Y '�� Å¸Æ¸ó ¼� �ø¶øÛ �#� Ò0�#��&�'#�øó ¼#� �ø¶�% > $#�#� ì� Û���� 
ÃÂ�	 Þ k�u � ��$�1ÃÛ ��� Â�L q(ω, r)

% > � T Æ¸ó ¼��¸Â=4���� G î [13]:





q̃x (kx) = wx

Nx∑

n

Ane−Bnk2
x(wx/2)2 ,

q̃y (ky) = wy

My∑

m

Ame−Bmk2
y(wy/2)2 ,

(5)

q (ω, r) = q (ω, z) q̃x (kx) q̃y (ky) , (6)

ß  q̃x(kx) & q̃y(ky) Å�$�1ÃÛÃÛ ��� Â�L õ xy �� @�������� �¸Û b¸í Ò q(ω, z) Å z
ç�� Û b¸í Þ

kx & ky Å xy � � �#�#�#� �¸Û#�ø¶øÒ wx & wy Å� ��� ì�� Û����¸Ò An & Bn

,
Am & Bm Å ¼��Â=4 Û��¸¶ Þ� �� Â Û��#� 
 �#J#� U (Khokhlov-Zabolot-

skaya Kuznetsov)KZK ��� 
¸ç�E [13−14]:

∂q1

∂z
+

i

2k
∇2

⊥q1 + α1q1 = 0,

∂q2

∂z
+

i

4k
∇2

⊥q2 + α2q2 =

(
βk

2ρc2

)
q2
1 .

(7)

ß  q1 & q2

b�} Å � I &������ I Û�t Â=L Ò α1,
α2 Å � �¸õ¸õ ��� , ����� � Z Û��� ��¸¶¸Ò β

Å=��� 
�" ¶¸Ò k Å I ¶ Þ
é è (5) & è (6)

�#¡øè
(7), %�G î � IøÂ#	 ·

q1 = q(0)
wxwy

4π
e−α1(z−z′)

Nx∑

n=1

Ny∑

m=1

AnAm
e
−

(
x2

4Cn
+ y2

4Dm

)

√
CnDm

,

(8)

ß  ·
Cn =Bn

w2
x

4
− i(z − z′)

2k
, Dm =Bm

w2
y

4
− i(z − z′)

2k
,

q(0) Å � ��� ì�� Û�5�6 Â=L Þ
����� I¸Â�	���� Å¸·

|

q2 =
βk2w2

xw2
y

16π2ρc2
q2
1 (r′0)

∫ z

z0

e−2α1(z′
−z0)−α2(z−z′)GxGydz′,

Gx =
1√
2

Nx∑

s=1

Nx∑

m=1

AsAm√
CsCm

1√
ik + (z − z′)Esm

e
−ikEsm

ik+(z−z′)Esm
x2

,

Gy =
1√
2

Ny∑

l=1

Ny∑

n=1

AlAn√
DlDn

1√
ik + (z − z′)Fln

e
−ikFln

ik+(z−z′)Fln
y2

,

(9)
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ß  ·

Esm =
1

4Cs
+

1

4Cm
, Fln =

1

4Dl
+

1

4Dn
.

&=' è (4),

un = H∗T
m,n(Hm,nH∗T

m,n)−1Pm, (10)

ß  �5�6=C=D�� À¸Ý Û�����x ? Å¸·
Hm,n =

wxwy

4π
e−α1(z−z′)

Nx∑

n=1

Ny∑

n=1

AnAm
e
−

(
x2

4Cn
+ y2

4Dm

)

√
CnDm

,

(11)G������¸Æ�u Â�	 ����1��¸·
P0 = H∗T

m,n

(
Hm,nH∗T

m,n

)−1
P, (12)

ß  P ã ÀøÝ 5�JøÛ#tø¶ Â=L Ò P0 Å�$�1øÛ �#� 56=��K¸Û ��� t¸¶ Â=L Þ�� 2 è (12)  �$=!=#=$ =
ÉøÒ�G î !�#�$�$�1øÛ#5#6 Â�L Þ�� &�' ¼#�øÂ=4#���= É¸Ò�$��=!=#=$ Â�	 Û � I�>=, ����� I Þ
2 	�
pq��po

Å�$���
�k����ÜÒ�$�� = É S0T Æ�V0!0#0$ Þ
��
 Â�	 â�U & ¼�������� K���% > K T 2�/�V�!
#0$ Þ /�� 1 ÅÜÆ�u 64 × 1 ÛÜÆ�V0!0#0$ÜÒF$01
Û��ÜÅ 1.25 mm, �ÜÅ 15 mm, $01ÜÛ  ���{�|ÜÅ
1.5 mm, ��y0C0DÜÛ ��� Å 2 MHz, �� ÀÜÝ 50J
Û Â�L Å 2 MPa,

À � � Å Z = 0.1 m Þ ¶�M�$��
 Ò��ÃÛ���� 
 �Ã¶���M β = 3.6, �ÃÛ��� ��Ã¶��
M α = 0.025 Np/(m·MHz) Þ�� ó ¼��¸Â=4 Û ��� Ó
% > :�; A A�� ������� ì�� Û ��� X�Y Ò � 1  
�] � � ó ¼�� �¸¶¸Û��¸¶ [14] Þ!�" �ÃØ�m U ¼�������� 6���
�� � Û T�U %
h 
 Þ õ�!�#�$ j h#k ÀøÝø¿øÀ$#$%�Z Ò&� 2 [ ö#]¼#�#�#�#� 6#^#_#`#a b [15] G î Û ÀøÝ 5�J w$' �,$($) ' � Û$*øÆ#. Â#	�b#d Þ(T � ��f · ¼#�¸Â�4����� G î Û Â�L�b�d B�&�^�_�`�a b Û T ��!�+U Ò À¸Ý 5=J Â�	 Q�R � 2 0.5% Þ ä¸å � ¼�� �¸¶
Û�-�.¸Ò�Q�R=% >�, � Þß ��H�I���J�~��ÜÛ0��� 
 ��KÜÒ��ÜØ b�} $
� ] �  Æ�V�!�#�$Ãõ�k�- lÃÀÜÝ�=Üè�Z Û0��� 
Â�	 Þ � 3 [ ö�] k ÀÃÝ�=Ãè�Z � 
ÃÂ�	0, ��� 
Â�	 Ò ß  .� 3(a) Å�� 
 Ò�� 3(b) Å=��� 
 Ò�� 3

 0/�1 �#�$2 � Â�L 7 ¾ Þ V � 3 %$�øÒ õ#k ÀøÝ#=è�Z ����� I � ÀÃÝ ��3ÜÛ0����L f�4 Ò ÀÜÝ w ÂL 7�M$5$6 � 3.75% Þ ? À �øÛ - � � .$7 � Þ � 4

Å À¸Ý�8 ' Â=L x
' ç���b�d Û�� 
¸Â�	 6=��� 
Â#	 Û3[ ö Ò ß  �8#�øÅ ' � � IøÂ#	 Ò�9#�øÅ ' �

� I &#�#�#� I Û �#� Þ V � 4 %$�øÒ ÀøÝ w Û Â�L
7=M=!=� � I 6 � ] 3.75% Þ

:
1 ;=<=>=?=@=@=A=B=C=D=E :F

1 G=HYk=I!$=J=K=L=M
N An Bn

1 4.9769−0.2777i 0.0615+0.0034i

2 0.0196+0.0033i 0.0007−0.0119i

3 −2.5145+2.0448i 0.0243+0.0278i

4 0.6771−0.2612i 0.0047+0.0154i

5 −0.6743−1.4602i 0.0096+0.0207i

6 0.0860+0.2442i 0.0025+0.0120i

7 −0.1699+0.2273i 0.0055−0.0229i

8 −1.3600−0.6037i 0.0240−0.0352i

9 0.0220+0.0737i 0.0018−0.0156i

10 −0.0599+0.0067i 0.0014+0.0099i

:
2 N=O=P=Q=;=R=S=T=B=C
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(a) ���=S��

(b) �����=S��:
3 �=N=O�����	����=S���
������=S��=K���


:
4 �=N=O�����	�����
����������=S��=K���


� 5 Å lÃÀÃÝ�=Ãè�Z Û�� 
�, ��� 
ÃÂ�	 Ò ÀÝ 5c2 õ À � � Û x
' @ Ò��cu À Ý {c| x

' Å
4 mm, y

' Å 0 Þ V � 5 %��¸Ò õ l¸À¸Ý�=¸è�Z ���
� I � ÀÃÝ ��3ÃÛ���������L f�4 Ò ÀÜÝ w Â0L 7
M�6 ½ 5.16% Þ � 6 Å À¸Ý 5=J w x

' @ Û � I¸Â	 6��#� 
øÂ#	 [ ö Ò ß  �8#�øÅ � I Ò�9#�øÅ��#�
� I 6 � I#�#� Þ V � 6 %$�øÒ ÀøÝ 5�JøÛ Â�L 7�M
6 � 5.16% Þ !��#2#k ÀøÝ#=øè Ò V 2�/ ÀøÝ$#$%#Z
$�1ÃÛ Â�L 5�6 � ¼ Ò�� >���	�������������� 6 "!$#"%"&"'"(")"*"&"+"(")","-/. �"�/�"�/�"0�1
(�) ��2�3�4�5�6�7�8�9�� 6�: .�;�<�=�>@?BA�CD/E/F/G

[9]
!

(a) ���=S��

(b) �����=S��H
5 I=N=O��������=S���
������=S���J���


H
6 I=N=O��������=S���
����������=S���J���


K�L�M�N�O�% ����������P���Q�R (�S�T ��U
V !�W

7 X '�(�)�,�-�Y�(�) ��2 S�T�<�Z�[�(�)�"2"�"\"] !�^_W
7 `"a .�Z"["(") �"�"2"b 1 MpaS :"c 5 Mpa,

(") �"2"� S :"d"e"f"g  �/�/�"��"� .h(") �"2 S"T b
1.88%

S :"c 9.38%
!hW

8 i
X '�(�)�,�-�Y�(�) ��2 S�T�<�j�k�l�m ��\�] !W

8
? D�E�npo l�m � S :�d S� ����������q�rP"s"�"2"�"3"t .ul"m �"3"t"v"w"�"�"�"�"�"� g"xy !
0.1 MHz z/X 0.70%, { 5 MHz z/X 10.91%

!
l�m�|�} d�~ � |�} ��Q�R ( ��� . r�����R ( �E g/� !�;/� 3/t/�/� </=/>�? [16] �/� � Westvelt�/�/�/� r/�/�/�/�/�/�/Q/�/D/E����/�/� !
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��

3 ���
r��������������

HIFU ������ ? x�!�"�#$ ����%�&�' ! r���������������������Q��)( %
,�*�. P�s |�}�+ s�r������

HIFU ����,�~�# $��-�.0/�1 !32�=�+ s }�4�5�6)7�8 r������:9�;
< � � 7�.�| "�=�> % })4 ��? 5�6)7 ��� r��������������Q ! ����@�A Y)B � 7�<)C)D�E)F)G �
D/EIHIJIK/s

0.5%,
CIL = B � 7 � `IM � ! 64

�
N ��r������ '�(�)�8�+�(�)�,�-�Y�.3O�Z�[�(�)
�/2 X 2 Mpa z . �/�/�/�/�/P (/) �/2 S/T � |P GIQ X 3.75%

8
5.16%

!�(/)IRTS � S :/d S/ ��������� .3U 5���������� <�j�k ��2 8�j�k�l
m r"\ ! �WV"� NWX V (") X }/l/mWY/}/ 9/�/r"�
��]WZ ?_. �"�"�"�"�"�"U VW[ �I\W] !^2"= �I_W`
*�a � ��b�c�d .3e�f b��)g�r����)h)i c V)g�r�"� .kjW8"A"C"CWL"!mlWnIoIp". }W4 �I? 5I6I7 `j ��� r���������������Q . ��r���� [ � 8 ��%
? ~ FIq �IrIsI`I% !
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