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Abstract The method of fundamental solutions (MFS) for two dimensional (2D) large scale acoustic problems requires

O(N2) operations in formulations and O(N 3) in a direct solution of the linear system, where N is the number of

unknowns, and it also needs large memory storage and has low computational efficiency. A fast multipole method

of fundamental solutions (FMMFS) for two dimensional acoustic radiation problems is presented, by combining the

method of fundamental solutions (MFS) with the fast multipole method (FMM), and an iterative equation solver called

the Generalized Minimum Residual method (GMRES) is used in the FMMFS. The numerical examples of a long pulsating

cylinder and 2D car-like model radiation problems are presented, and they clearly demonstrate that the ratio of solution

time using the FMMFS and MFS respectively is approximately four percent, when the N is equal to 3000, and the

larger N the smaller ratio. Compared with the traditional MFS, the operations in formulations and solution of the linear

system with the developed FMMFS are both reduced to O(N), and the efficiency for 2D large scale acoustic problems

is greatly improved.
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n � Bessel

��� I (r, α)
V���� −→yx

4�0�����p
u |x − y1| > |yj − y1|,

{
(5) |�} y1

L�/�0�=
>�V�~

∑

j

q (yj)G (x, yj) =
i

4

+∞
∑

n=−∞

Sn (y1, x) Mn (y1) ,

(12)

����/�0���~
Mn (y1) =

∑

j

q (yj) Rn (yj , y1), (13)

J./.0.=.>.L.�
y1

F.G.�
y0

L.IK/.0.�.N.O.4.F
U�S�T

(M2M)
V�~

Mn (y0) =

+∞
∑

m=−∞

Rn−m (y1, y0) Mn (y1) . (14)

u |x−x0| < |y0−x0| � |x−y0| > |y−y0|,
{

(5)

|�} x0

L @�A =�>�V�~
∑

j

q (yj) G (x, yj)=
i

4

+∞
∑

n=−∞

(−1)nRn (x0, x) L−n (x0) ,

(15)��� @�A �
(M2L)

V�~

Ln (x0) =

+∞
∑

m=−∞

Sn−m (y0, x0) Mm (y0). (16)

����n
|x1 − y| > |x1 − x|,

J�=�>�L��
x0

F�G
�

x1

L�I @�A ��N�O�4�F�U�S�T
(L2L)

V�~

Ln (x1) =

+∞
∑

m=−∞

Rn−m (x0, x1) Lm (x0), (17)

� s I���{ (9), � ;�����;�H�I z�� ��S��{
(6)
4�=�>���{�~
∑

j

q (yj)
∂G (x, yj)

∂n(x)
=

i

4

+∞
∑

n=−∞

(−1)
n ∂Rn (x1, x)

∂n(x)
L−n (x1),

(18)

�
2 �������� �¡�¢�����£�¤�¥§¦�¨�£�¤�©ª�«�¬ £�¤��® (M2M, M2L, L2L)



350 � � � � 2014 �

2.2 $�%�&�'�(�)�*�+��������,.-./.0
	
�
�.3.4.].^.;.H
.,.-</.0��
�
X�3

[17]
D���I�� � L�����I ,�-�/�0�	�����3����L<?����<L<9�� � 4������<L<I��<6����<\� ����

!
" Z.[.\.i.E
�
�.L.M
� L<IKY.]<^
��#.O<4
$
% I �'&]^�'(M � �')'*4o�+p-,�.]^�/'0
x�1 ~ 2

1
/~3�'�'4'5p3�'�'�

“S”
C'6'4'�'7'8�I

����9�:���L�C�����L�I x�y 1
p

2
2
/~-;'<'�'= !'" Z[\p->'?'@'A'B�C'D

E 8I-F'Gn4'�'�LM'��L'H'I'J'��� � I Y'Kc
A'C'D E 8V'2

0
=WXI xy 3

G'Lp J
0
=WX

4 M �V 4
A'B'C'DI Y'KNV'2

1
=WKX ION'PJ

I'J'4'5L4'2
L
=WX ! M �V L+1

=WXI§j
�
2

L + 1
=.W.XRQSG
I
J.4
�
�.L
T
��L
A � �/.�
U
A
V
<.4 �
W
X ( y 3

�SV
<.c
A �
W V 1)Y'Z'[��p cd'\' ']g�@'A !�" Z�[\�p c'^�I J�
@
= ! C
D.W.X
[_�
&
`.4 ! A
a
C
D.W.X
K.V
“
1�W�X

”, b #�c�K�V “ d W�X ”,
Z�[�\���I�e�n�1

WX4WXIfKNV
“ g WX ”, xy 3

� R'h'i�'L
4WXp :;'j'kc'@;HI-�'�i'�.LC'�'��L' 
]���= !�" Z�[�\�p

2
3
/~ �'k'l'mpon'pI i'�'��L�4 !�" Z[\ �

( y 3(a)),
:.;.{

(13) q 2
G.n g W.X.4./.0�.IK�
P.IK:.;.{
(14)(M2M) r = �h� q 2.Z.[.\�SG.n d =.W.X.4./.0<�.I d =<W.X<4</.0<�<9.�1.W.X./.0.�.F.U
s.N<M.p x
t�r =<��k
l�m<F.U/�0���IKj�u�2

2
=�W�X�p

2
4
/.~ 1 k
l
m.p�n
p
V
v.Z.[.\ �hW.X.NO�S�T�4�<�w�~��

L
=�4�x�y���A�W�X�I x +��
AWX'zKn'@'AL'T'� X I|{c'��AW�XP�V “ }'~ WX

”; x +
�
A.W.X
�.9 }
~ W.X.I��.� L − 1
=.4

d WX9 }'~ WXI|{c'�'AW�XP�V “
DPQRW

X
”; x +'�'AWX'� }'~ I � d =WX��'� }'~ I-{c���A�W�X�P�V

“ � H�W�X ”
p

i'��L4 !'" Z[\ �
( y 3(b)),

�'2
2
=>'�

q 2
G.n.W.X.4 @.A =.>.T � p�2 2
=
U.W.X.4 @

A =.>.T � 9 �S�.W.X.4
G.n.D<P.Q<R.W<X.I :.;{
(16)(M2L)

F�U�s�4�m�M�� � p2
3
=�4�W�X�I � @�A =�>�T � ��V�� A ��~2

1
A �9 � �'GnDPQRWX:;{

(16)(M2L)F.U
&
`
��2
2
A �.9.� d W.X.4 @.A =.>.T � :;{

(17)(L2L)
FU]^4I c A �]'��9�:;��

d WXJ�'Gn � HWX4_`ab;'`p x't � 1l'mI j'u'�'�'=I��'v'G�nW�X4 @�A =>�T � p2
5
/�~ {

(7)
4���M q 2�phc�^�����U�@���L
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