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Abstract The fourth-order cumulant of Gaussian distribution zero-mean noise has always been zero theoretically,

yet the probability density of real noise and reverberation remains to be a key problem to performance of the fourth-

order cumulant beam forming technique. In the present paper, aiming at the instantaneous amplitude distribution

of the ambient sea noise and bottom reberberation, we, respectively, deduce the fourth-order cumulant beam forming

array gain function; establish the relations between array gain and number of the array elements, ambient sea noise,

fourth-order and second-order statistical property of the bottom reverberation as well as input signal-to-noise ratio; also

confirm that, compared with conventional beam-forming with critical signal-to-noise ratio and super-critical signal-to-

interference ratio, the fourth-order cumulant beam forming could obtain higher gain and better distinguishability than

the conventional beam-forming. The results of experiment data processing demonstrate the consistency between theory

and consequence of gain and distinguishability of the fourth-order cumulant beam forming.
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X(t) = AS(t) + N(t), (1)
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X(t)
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M ×1 É(Ê(Ë À �(Ì(" ø N(t)� Ê�� Õ

M×1 É . é À �(Ì(" ø S(t)
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N×1 É Ì�" Á
S(t) = [s1(t) s2(t) · · · sN (t)]T. (2)
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A = [a(θ1) a(θ2) · · · a(θN )] (3)
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a(θi) =
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λ

sin θi , · · ·, e−j2π
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]

, (4)

z � ø
λ
� ò�ÏÂø

θi (i = 1, 2, · · ·, N)
`�Î ö ��Ð ç
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}

=
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(3)
1 ) � SNR

v�» 7 1�2 Å�� � )�* Å���8� � ~S�@Z
xm(t)=s(t−τm)+nm(t) = e−jkdms(t)+nm(t),

(m = 1, 2, · · ·, M)
(14)

Q R > i, j, p, q = 1, 2, · · ·, M
Z 1
2 8�T�� 1 ) � 7
P

SNRin =
Psin

δ2
nin

=
E[s(t)s∗(t)]

E[n(t)n∗(t)]
, (15)

9�: 1�2 8�e�f�g�h Y ¡! �7�P
|

µ
xi,xj
xp,xq = cum(x∗

i (t), xj(t), x
∗

p(t), xq(t)) =

E[x∗

i (t)xj(t)x
∗

p(t)xq(t)] − E[x∗

i (t)xj(t)]E[x∗

p(t)xq(t)]−
E[x∗

i (t)xq(t)]E[xj(t)x
∗

p(t)] − E[x∗

i (t)x
∗

p(t)]E[xj(t)xq(t)] =

E[(ejkdis∗(t) + n∗

i (t))(e
−jkdj s(t) + nj(t))(e

jkdps∗(t) + n∗

p(t))(e
−jkdq s(t) + nq(t))]−

E[(ejkdis∗(t) + n∗

i (t))(e
−jkdj s(t) + nj(t))]E[(ejkdps∗(t) + n∗

p(t))(e
−jkdq s(t) + nq(t))]−

E[(ejkdis∗(t) + n∗

i (t))(e
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p(t))]E[(e−jkdj s(t) + nj(t))(e
−jkdq s(t) + nq(t))]−

E[(ejkdis∗(t) + n∗

i (t))(e
−jkdq s(t) + nq(t))]E[(e−jkdj s(t) + nj(t))(e

jkdps∗(t) + n∗

p(t))] =

ejk(di+dp)−jk(dj+dq)cum(s∗(t), s(t), s∗(t), s(t)) + cum(n∗

i (t), nj(t), n
∗

p(t), nq(t)).

(16)

|
��B�e�f�g�h Y�^�_ O�3�8�i�j�!�þ � (16) 8

� � >�I�" l = (j − 1)M + q, k = (i − 1)M + p
ZÙ 7���B Ð � æ ;�4�9�: 1�2�~ 5�n�ä�å ��L 8�>D�E ;�4�8 1�2 � æ 3 4�8 1 2�# ��L >�< æ ;�4

)�* n ��M ���8�> D�E )�* � æ 3 4�8 )�* #%$t � v 8 ��L } >sd ��L!& ^ (ρn)k,l ¡! Z I�T Þ1�2 8 � � 7�P
|

Pout =

M2
∑

k=1

M2
∑

l=1

|ωk||ω∗

l | cum[s∗(t), s(t), s∗(t), s(t)] +

M2
∑

k=1

M2
∑

l=1

|ωk||ω∗

l | (ρn)k,lcum[n∗

i (t), nj(t), n∗

p(t), nq(t)],

(17)����8 ω n�Â & ^ >�I�T Þ�1 ) � 7�P

SNRout =
Psout

δ2
nout

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

M2
∑

k=1

M2
∑

l=1

|ωk||ω∗

l | cum[s∗(t), s(t), s∗(t), s(t)]

M2
∑

k=1

M2
∑

l=1

|ωk||ω∗

l | (ρn)k,lcum[n∗

i (t), nj(t), n∗

p(t), nq(t)]

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

. (18)
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d 0 t æ í ; 4 ^ Û = Á 8��� y >�� é Ñ DE 3�4 C�^ 8 = Á�¼ Û � ø � ; 3�8���5 =�> >��
����B D�E 3���8�3 =�>�� 7 10 lg(M)

Z <�; 0 ef�g�h Y 8�Ã�Ä���Å�M�ý�3 =�> 8�ø � ¡�� t e�f

g�h Y�/�Û `�� ��� � )�* 8�������� [�Z/
0 �
�
Á
Â
8��� |ω|=1, ; 0 e
f
g
h Y 8
Ã�Ä���Å�M�ý�8�3 =�> 7�P

|

G = 10 lg

(

SNRout

SNRin

)

= 10 lg



















∣

∣

∣

∣

Mcum[s∗(t), s(t), s∗(t), s(t)]

cum[n∗

i (t), nj(t), n∗

p(t), nq(t)]

∣

∣

∣

∣

E[s(t)s∗(t)]

E[n(t)n∗(t)]



















=

10 lg



















M

∣

∣

∣

∣

cum[s∗(t), s(t), s∗(t), s(t)]

cum[n∗

i (t), nj(t), n∗

p(t), nq(t)]

∣

∣

∣

∣

E[s(t)s∗(t)]

E[n(t)n∗(t)]



















.

(19)

|� v s(t) n��
Ã 1
2 > D
E ;
4 )�* � æ ;
4 )
* ` T�( >�� _ g�h Y |�¦�M�ý�>

|cum[s∗(t), s(t), s∗(t), s(t)]| = P 2
sin, (20)

|cum[n∗(t), n(t), n∗(t), n(t)]| = γnin (21)

; 0 e�f�g�h Y Ã�Ä���Å�M�ý�8�3 =�> � )�*� §�����8 T�( � � ��L > c y T�U /�� ´�� ê�8
)�* � ��� ��¾�¿���1 Z

T�� 1: � v )�* n ��'�� )�* >¨I γnin = 0,
Ð

c�P
G = ∞. (22)

T�� 2: � v )�* n�� ��'�1�2 >�I
γnin =

∣

∣µ4 − 3δ4
nin

∣

∣ , (23)

G = 10 lg

(

MPsinδ2
nin

γnin

)

=

10 lg

[

MPsin
∣

∣µ4

/

δ2
nin − 3δ2

nin

∣

∣

]

=

10 lg

[

M
∣

∣µ4

/

δ4
nin − 3

∣

∣

]

+ SNRin,

(24)

�
�
> µ4 n )�* 8
e
f R � 6
> δ2 7 )�* 8
M
N Z� v )�*�!�" [−
√

3δ,
√

3δ] ��� T�( >�I
µ4 =

1

5

(

18
√

3δ5

2
√

3δ

)

= 1.8δ4, (25)

G ≈ 10 log(0.83M) + SRRin (26)/ 0 ��# Ã Ä � Å < = >�3 =�> � H ; 4 ^ �
L > /
0 � C · v
} 8
;
3
>®3 =�> � 0 ;
4 ^ 8 /^
Z <
; 0 e�f
g
h Y 8
Ã
Ä
�
Å�<
=�>è3 =�> I �$�%�& >('
� � 3
4 ^ ��L >() � )�* 8 T�( � � z
T�� 1�2 8 1 ) � ��L Z

�
��B )�*�!�" [−
√

3δ,
√

3δ] 8
�
� T�( > ¥ T
� 1 ) � O £ §�> /S� 18 4�������3�8 ��# Ã�Ä��Å
H 18 4
�
�
�
3
; 0 e
f
g
h Y Ã
Ä
��Å
8�3 =>�J T�� 1 ) � O £ 8��� Zd¸c [ 8�*�+�H - 2

Ð  �>�; 0 e�f�g�h Y Ã
Ä���Å�8�3 =�> 7 J T�� 1 ) � O £ 8�� }�, ^ L
& Z v
»
��# Ã
Ä
�
Å
H
; 0 e�f
g
h Y Ã
Ä
�
Å ��
� `
3 =�> §
8 1 ) � 7�-�. 1 ) ��Z d - R b
cÝ�Þ > -�. 1 ) � 7 −0.79 dB /�0�> t�1 ) � ��0
−0.79 dB §�>�!�þ�e�f�g�h Y�1 º�M�ý�8�3 =�>�20���# Ã�Ä���Å�3 t�1 ) � 5 0 −0.79 dB §�> !�þ
e�f�g�h Y�1 º�M�ý�8�3 =�>�5 0���# Ã�Ä���Å Z

� 2 �54565758595:5;�� �5<5=t�u�v )�* � ��y >�-�. 1 ) �@Û J ;�4 ^ M> O >�7 / 3 4 8 Á Â & ^�? / ^ Z R ¥ )�*�!�"
[−

√
3δ,

√
3δ] 8���� T�( §�8�-�. 1 ) � 7�P

SNRcritical = −10 lg(0.83) = 0.79 dB. (27)

� � 0 1 / æ í *A@ABAC � �AD ß 8AEF+ A» > ¥�& { B�C t���0 -�. 1 ) � § b�c�! þ�; 0
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Ä
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Å
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3
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��# Ã�Ä���Å�TÞ 8 1 ) � "�7 13 dB, <�e�f�g�h Y Ã�Ä���Å�T Þ

8 1 ) � "�7 32 dB, � ��# Ã�Ä���Å�M�ý � � ø �� 19 dB
Z �
á ¶ � ¥ 1 ) � �
0 -�.!0�§
>èe�f
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ú
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} � � > 0
i ¤ ¶ > V ê�� ^
ï ��ë
��>�������P ¯þ 0 é 1 z -�� 1 º
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	�� 1�2�1 º�z
�� 1�2�1 ºR�Z û
ö!(
þ ¤!U 8
J T�� G
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¿ ^
_
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^ 8 E ã
>�¼ <
Þ
t
E ã
8�� ��� � ,
^y >®; 0 e
f
g
h Y Ã
Ä
�
Å 1 º�3 =�> 8
º�1�0 Z

G
ã ��'!V ê
7���� ��' T Y Gi 8
Á
Â H ã
>b�c�¡�¢�Å�� y � � P
G(x) =

n
∑

i=1

pi ·Gi(x), (28)

Q R > Gi n
�!0
7 µi, M
N
7 σi 8 ��' T�( > pi 7
G�ã�� ^ >Ú½ � P ∑n

i=1 pi = 1
Z ¥ n → ∞ §�>Ú?��ð�ñ T�(�� b�c�þ � (28) ÿ�� $ Zc�J T�� 8�G�ã ��'�V ê V�E 9�:�>�?����`�Ã � §�0�8 T�( ���>�R�P

G(x) = pg(x, µ1, σ1) + (1 − p)g(x, µ2, σ2), (29)QSR >
g(x, µi, σi) =

1√
2πσi

exp

(

− (x − µi)
2

2σ2
i

)

7 ��' T�( Z7
�
k
l
e
f
g
h Y Ã
Ä
�
Å
8
3 =�> > �
ß��� G
ã ��' T�( 8
e
f
O
H
M
N Z � _�� f
6
8
|
¦��� >�k�l�G�ã ��' J�K O Y 8���e�f�O�� y P
E[x]=pµ1 + (1−p) µ2,

E[x2]=p
(

µ2
1 + σ2

1

)

+ (1−p)
(

µ2
2 + σ2

2

)

,

E[x3]=p
(

µ3
1 + 3σ2

1µ1

)

+ (1−p)
(

µ3
2 + 3σ2

2µ2

)

,

E[x4]=p
(

6µ2
1σ

2
1 + 3σ4

1 + µ4
1

)

+

(1−p)
(

6µ2
2σ

2
2 + 3σ4

2 + µ4
2

)

.

(30)

/ >�?�G�I�� ñ §�5���¾�¿�; 0 G�ã ��'�V ê
8�� ��� ��¾�¿ E ã�> ����8 E ã�� ^ 7�P p = 0.43,

µ1 = −0.58, σ1 = 0.32, µ2 = 0.45, σ2 = 0.34
Z

ì�c [ � ^�� ��l � (30)
R >�k�l�P

E[x] = 0,

E[x2] = 0.37,

E[x3] = −0.0196,

E[x4] = 0.2773.

(31)

� k�O Y x 8�M�N�7�P
δ2
x = E[x2] = 0.37. (32)

� 6 3 � / ; 0 e�f�g�h Y Ã�Ä���Å�8�3 =�>
T�� ���
� >��
n t G!I�	�
 y 8 1 ) � 7 1 G ��Zb�c�k�l t ��´�G�ã ��' T�( y 8�3 =�> 7�P

G ≈ 10 log(M) + SRRin, (33)Ë §�8�3 =�> #!$�t º�1 [ 8�-�. 1 G � 7 0 dB
Z

y�/ T�U / ú H� �! y � «`�¸Ã 8�Ã Ä�T Þ�^_ ¾�¿ 1 º�> <�Þ�1 º�� Î � «��¸Ã 8 1 G �#" Q1 º =�> Z ¡ 1
R > [ �  �$ . R 5

C  �! y�%�&
� «`�¸Ã 1�2 8�U 1�2�1 G � SRRin z�Ã�Ä�T Þ�1
G � SRRout H 1 G � =�> Z $ . R�/ 7

C 3
4
8 ^_ ¾�¿�e�f�g�h Y Ã�Ä���Å�> Ë §�� _�� (33) º�1[ 3 =�> 7 G ≈ 8.45 + SRRin

Z
'

1 (*)eteu��5:ex��,+*-5456
)*. 1 2 3 4 5

SRRin (dB) 2.55 −0.66 4.28 0.45 1.10

SRRout (dB) 10.74 7.24 12.53 8.45 9.15

:ex�� 456 8.19 7.90 8.25 8.0 8.05

d@¡ 1 b�c Ý�Þ > / 5
C  �! 8 ^�_�1 º�� ?

k���� v 8 1 G � =�> > 5
H ^�_ 8 G � 1 G � 1º =�> 7 8.08 dB, ��0���.�á���e�f�g�h Y Ã�Ä��
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�¾�¿���� Z
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