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Abstract Nonlinear acoustic propagation generated by a vibrating piston in a finite horn is numerically studied.

A quasi-one-dimensional nonlinear model with varying cross-section uses high-order low-dispersion numerical schemes

to solve the governing equation. Considering the nonlinear wave distortion and reflected sound waves at the mouth,

broadband time-domain impedance boundary conditions are employed. The impedance approximation can be optimized

to identify the complex-conjugate pole-residue pairs of the impedance functions, which can be calculated by fast and

efficient recursive convolution. The numerical results agree very well with experimental data in the situations of weak

nonlinear wave propagation in an exponential horn, it is shown that the model can describe the broadband characteristics

caused by nonlinear distortion. Moreover, finite-amplitude acoustic propagation of a piston source in types of horns is

simulated, including hyperbolic, conical, exponential and sinusoidal horns, it is found that the sound pressure level at

the horn mouth are strongly affected by the driving velocity and frequency of the piston and the horn profiles, and the

interplay between the waveform distortion and the horn geometry is discussed.
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� ä�B Þ Ù p̂l(t
∗)��E�F��,£ ¥��,= " è,>���,,� × Þ L � = " F ���

p̂l (t
∗) =

∫ +∞

0

Âl exp
(
−λ̂lτ

)
v∗ (t∗ − τ ) dτ =

∫ +∞

∆t∗
Âl exp

(
−λ̂lτ

)
v∗ (t∗ − τ ) dτ+

∫ ∆t∗

0

Âl exp
(
−λ̂lτ

)
v∗ (t∗ − τ ) dτ .

(21)

�
τ ′=τ−∆t∗,

�
τ =τ ′+∆t∗, = (21)

F��7t �
p̂l (t

∗) = exp
(
−λ̂l∆t∗

)
p̂l (t

∗ − ∆t∗) +

∫ ∆t∗

0

Âl exp
(
−λ̂lτ

)
v∗ (t∗ − τ ) dτ .

(22)

�,� � ��G N,£ Þ �,A ϑ ∈ [0, 1][20],
	,�,£ Þ "

|

∫ ∆t∗

0

Âl exp
(
−λ̂lτ

)
v∗ (t∗ − τ) dτ ≈

[
ϑÂl exp

(
−λ̂l∆t∗

)
v∗ (t∗ − ∆t∗) + (1 − ϑ) Âlv

∗ (t∗)
]
∆t∗. (23)

) � = (22)
ë7F��7t �

p̂l (t
∗) = exp

(
−λ̂l∆t∗

)
p̂l (t

∗ − ∆t∗) +
[
ϑÂl exp

(
−λ̂l∆t∗

)
v∗ (t∗ − ∆t∗) + (1 − ϑ) Âlv

∗ (t∗)
]
∆t∗. (24)
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t4� G N�£ Þ4�I�4> � ? ¬ [20] � I�ì�£ Þ Ïí " ��
�� G N���A
ϑ = 1/2

 	� )
λ̂2l−1

X
λ̂2l,

Â2l−1

X
Â2l

­�t�-�. " � = (24)
W � p̂

2l−1
(t∗)
X

p̂
2l

(t∗)
P
­�t�-�. " 	���>
� Ù
��ä�B

p∗(t∗)
(�


t�q7A " >7�7®���B ¥��7= F��7t �
|

p∗ (n∆t∗) = v∗ (n∆t∗) +

2T∑

l=1

p̂l (n∆t∗) = v∗ (n∆t∗) +

2T∑

l=1

{
exp

(
−λ̂l∆t∗

)
p̂l ((n − 1) ∆t∗) +

[
ϑÂl exp

(
−λ̂l∆t∗

)
v∗ ((n − 1) ∆t∗) + (1− ϑ) Âlv

∗ (n∆t∗)
]
∆t∗

}
.

(25)

|� = (25)
F7}�� { " �7
7� � �7�7�7�7�7���

¥��,= � Ó # � "�
�� D,� ) � C���B <7= "�� �,"< � ��® L .HG ?�@ # �4� 9 J X�� J Ï�í ë�F7ÿ� � { �,�, �� ä�B B "�� $ {�� �,®��7A�� " 1 &7 :�<,4 Ï,í Ù�� ��� �,�,����� 9������ � G�H��5,�,® L � ä�B Þ Ù,X,«,¬ " 1 & 7 :��74 G�H Ù  
4 i1j1k����! 5/#"!$#%& )�'

(15)
?���(�)���*�+ ' "-,�.�/�0�1�23�4�5�68793�: 0�;�<�=�>�?�@�A :�BDC�E�F .�G�H(�)�I�J :�K�3�L�M-N�O�P�Q�R

Cotté Benjamin[21]S�T�:�U�V�W�X�MDY H (�)�Z�[�\�]8^ :�_�`�a�b�B

Powell
_�`�P�Q =�c�d�e�f�g�h :�i�j 2�k�l 3 /

m :�_�`�P�Q
[22],
N�O�n�o�E�P�Q�&�p�q�:srut l3 Z�[�v�w < _�`�M Z�x /�0�y�1�z ' *�{ : H ()�I�J}| :�~���4�5�6}7�3�B

Z (ω∗) ≈ 1 +

T∑

l=1

(
Â2l−1

iω∗ + λ̂2l−1

+
Â2l

iω∗ + λ̂2l

)
,

Re
(
λ̂2l−1

)
> 0, Re

(
λ̂2l

)
> 0

(26)�
Â2l−1 = al +ibl, λ̂2l−1 = αl +iβl, ���������� K

Â2l = al − ibl, λ̂2l = αl − iβl,
C�E '

(26) ���`����
|

Z (ω∗) ≈ 1 +

T∑

l=1

(
al + ibl

iω∗ + αl + iβl

+
al − ibl

iω∗ + αl − iβl

)
, αl > 0 (27)

� r�t l 3 � � G ���
ε =

N∑

k=1



∣∣∣∣∣1 +

T∑

l=1

(
al + ibl

iω∗

k + αl + iβl

+
al − ibl

iω∗

k + αl − iβl

)
− Z (ω∗

k)

∣∣∣∣∣

2

, (28)

|� |
N
����� \�� z :8�9� H (�)

Z(ω∗)
:���3�B

���
Powell

P�Q =�c�d������ _�`�P�Q�M�C�E�&�� ������
αl >0 ��� n�o z�����d��� ���¡ M¢Y g������  � `�� ��������  [22] : (1) αl =x2

l ; (2) αl = |xl|;

(3) αl =exl

BuC�E�N�O ��£�¤�¥ r�t l 3 m 3�Mu¦ �n�o
Powell

P�Q�§�¨�©�ª�: /�0�1�«�y rut l 3
ε< v�w :�~���¬  

al, bl, xl

6
βl

: < M Z�x .�G�H(�)�I�J :�K�3�B

5 ­�®�¯�°�±!²
5.1 ³�´�µ�¶�·�¸�¹�º�»�¼�½�¾�¿�À

Béquin
6

Morfey[10]
F

2001 Á � ¤�Â�Ã�Ä�Å�Æ

J�Ç�È 3�É Ç�Ê8^ :�Ë >�Ì�Í�H�Î�Ï�Ð�Ñ M Ð�Ñ�Ò�ÓR���Ô�Õ�: I�J Ò�Ó-Ö b�×�Ø�B-Ù Ð�Ñ : H�Ú n�o
Û�Ü J�Ý�Þ�ß�Ý�Þ�àâá�ã�ä�Z�[�å�æ�ã�Þ M Ð�Ñ ÇÊ�ç �

180 mm, è}é�ê�ë 25 mm, ì}é�ê�ë 81 mm,í ìîéðï g ê-ë � 110 mm
:�Q�ñ�M ì É�ò�ó�K�3

δ = 13.06, ô�õ \�� 360 Hz
B-F�ö�o�N�O�P�Q I a

Béquin
6

Morfey
: Ð�Ñ L�M÷�9� Ð-Ñ Ç�Ê : 1 é�ø

ï g Q�ñ�M-C�E £ Y Ç�Ê 1 éúù�û = ��ü ë�ý ��þç�ÿ ï g Q�ñ�: ì�� 1 é M-F�L ] H (�)���� ���
(TDIBC)

:�������M f�� n-o�¨ \ 6�	 \ L ] H ()���� ��� &�� Z�[ /�0 B-¨ \ L ] H (�)���� �
� n�o

Tam
Ô�Õ�:�¨ \ L ]�(�) p�
�P�Q

[23],
E�PQ ����� H ) :���
 f�� n�o�����:�L ]�*�+ ' �
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2015 Á
��� ¤�¥ :�� G�Í B-F�n�o \�] _�`�a�b�:�P�Q�&
	 \ H (�)�I�J�Z�[ K�3�_�` /�0 L�M ��� Å

4
&

��� K�3�& H (-)�Z�[ a�b�M Â F /�0���	 | � � �

(1)
: �� ���¡ P�Q�� G�������� M
� x y�� :�~

2 3}7�3 f�� ���
Â1 = Â2 =37292.9+270929.6i, Â3 =

Â4 = 27511.06 + 336830.1i, Â5 = Â6 = −41.73301 +

519.3206i, Â7 =Â8 =−113.9328− 132.8764i
B��

3
�

1�Å a�b�_�`�� y�� : �� ���1 é���� H (�) � `� Ì B

�
3 �������������� �!�"�#�$�%'&(��)�*�+�,-�.�/�0�1�2�3 "�4�5 ��

4
����6 È 3�É Ç�Ê è8é H Û�7 140 dB

L�M
��� \���8�9 z : Ç�Ê ì8é H Û�7 B��:� � ��M�N�O	 \�I-J 6�¨ \�I�J : ¤�¥�Ò�Ó<; R Ð�Ñ�Ò�Ó�Ö b×�Ø�M Â í F \���= �

1000 Hz
L�M 	 \�I�J�>�?�@� Ð�Ñ�Ò�Ó M-C�E�F I a Ç�Êî^ :�Ë >�Ì�Í�H�Î�ÏL�M 	 \�I-J<A<BC><D<E .<F<G Ç�Ê ì é : H Û<H

< BI�
5
� Ç�Ê ìîé�J�K�L�M H Û�7�N \�� : � `��M A�B ù 1 N�O�: 	 \�I�J�A�B�O Ø�:�P�ö M É >Ì�Í�� ` 	�Q M R Ð-Ñ�Ò�Ó�Ö b�×��SR I�J�> Ø�B Â

í F H�Ú ã�Þ�\���T � Ç�Ê : ô�õ \�� L�M Ç�Ê �Q Î�U�V M : A   M x L�M \���W � ô�õ \�� M C�EA�B�X � Ç�Ê�Z�[�ã H�Y =
[7] ,
E�L ì8é:Z�L�M :�P

� � ��[�\ M-C�E�F « o�¨ \ L ] H (�)���� ���L�] g�c�G :�^ þ�Í B x ���
5 ����ù 1 M H�Ú ãÞ�\�� × T L ìîé : J<K�L<M ã�Þ H < × = M-N�O:�	 \�I�J�A�B ×�Ø�: I a 1<_�c<`�a B-C�E�F�UV Ç�Ê | Ë >�Ì�Í�H�Î�Ï<b<c L�M-n�o�¨ \�I-J FI a Ç�Ê 1 é�Z ��d�Ô�e�: >�Ì�Í�f���H M L<g�he c�G :�i�j�M x n�o�	 \�I�J�A<B y<� R Ð�Ñ >

D Ö b�: Ò�Ó B
5.2 kSlSmSnSoSpSqSr�µSs�¶�·St�¹�»�¼�½�¿�À� Å U�V g�þ ã H M F Ç�Êî| : >�Ì�Í�Î�Ï�uv�M f�; Ç�Ê ��w É�x�& M É f�� :Sy�z�M N�O�n�o��
 I�J�{ 3 < P�Q�M f � &}|�~�É������9ÉS� È 3É�6 ����É

4
d�?�� : � ô���ì � [24]

Ç�Ê8^ : >�ÌÍ�H�Î�Ï Z�[ Å W ,�Q 3 < I a B
4
d Ç�Ê : �� 

� ç Q�; �
1,
Z 1 é �� �� ô���� S∗(x∗) � ��M *

1
� 1�Å ~ Ç�Ê : �� �� ��� � ` u v�� �� �� ¨��
��� : � ` � � { ì É�K�3�MI� 6

*�{ ~ Ç�Ê : � �� ì É Ò p {�� ��B	��� 6 � ��M	� ����É��I~É�� È 3�É � �}�9É�M Ç�Ê}� ì � |:�S� :S�}� 	�Q����� = M í � �� �� ¨<� �<� : � ` �<�<��� :� ` u v�~�� � ��M ����É�R�~�É Ç�Ê : �� �� ¨� ��� � ` � ����� w M í ����É � w ª ��> ©�M È3�É Ç�Ê : �� �� ¨�� �<� � ` � �<6�� � MI���É � � �S�S� = :S�S��B

�
4 ��� 2�3�� "�����#'& -���� �

5 ��� 2�3�� "�����#'&(���� �¡ -����
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�
1 ������������"���)�*�����4�5�	�
�� ��)�*���
�����4�5 3�� #������

������� ��)�*�����4�5�	�
 S∗(x∗) ��)�*���
�����4�5 3 S∗′(x∗)/S∗(x∗) #������
��� � S∗(x∗) = A cosh2 δx∗ S∗′(x∗)/S∗(x∗) = 2δ tanh δx∗

A = 0.0314

δ = 2.2924

� � S∗(x∗) = A(ax∗ + b)2 S∗′(x∗)/S∗(x∗) =
2a

ax∗ + b

A = 0.5024

a = 1.0

b = 0.25

� ��� S∗(x∗) = Aeδx
∗

S∗′(x∗)/S∗(x∗) = δ
A = 0.0314

δ = 3.2189

��� � S∗(x∗) = A sin2(ax∗ + b) S∗′(x∗)/S∗(x∗) = 2a cot(ax∗ + b)

A = 0.7855

a = 1.3467

b = 0.2013

�
6 ������������"�#���������� �&�����


4
d É�x�: Ç�Ê M-N�O�F .�G Ç�Ê 1

é:��� H (�) L�MDY�� 1 é9ù�û = ��ü ë�ý ��þ ç ì
� : 1 é M Z�x �I� 4

& ��� K�3�& H (�)�Z�[ ab�M Â n�o \�] _�`�a�b�:�P�Q�&�K�3 Z�[ /�0 BF /�0���	 | ������

(1)
: �� ���¡ P�Q�� G��

����� MI� x /�0�y�1�H (�)�I-J :�~ 2 3 7ú3 f
� �â�

Â1 = Â2 = −4.427015× 10−2 − 0.3774024i,

Â3 = Â4 = 5.094049 × 10−2 + 2.460095i, Â5 =

Â6 = −6.137207 × 10−2 + 0.7637068i, Â7 = Â8 =

−0.1675482− 0.1954065i
B ���

7 ��ù 1 M÷a�b�_�`� y : 1 é �� �� ��� H (�) � `�� Ì R H (�) :0�;�0
[25]
{<@ X 0

[26]
Ö b�: >�? Ø�M A<B . �z�c�� 	 \ L ] H (�)���� ����« o�:�� .�Í 6 E

.�Í B �
7 ��������#�$�%'&(��)�*�+�, -�.�/�0 ¡���"�4�5 �
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H � � �

2015 Á
��Ç�Ê�� é�Z :������ Þ ª Q�� D ��c�G<	�QL�M�Y�h�e�×���: >�Ì�Í�`�a M�E�L Ì�Í�H�� I�J Y

� Q�&�� Z�[ g�h�� 
�M x N�O<��	 1 :�	 \�I�J
� 0�
�_�c�b�c M í ��� o�������É�x�: g�þ ç�ÇÊ B
��& *

1
� { :

4
d ����É�x�: Ç�Ê M-Y����vS= �� S� ã�Þ ª Q � G �

u∗

0 =0.005,
�

8
�����

É�x Ç�Ê : ìîé H Û�7�N ��� �� �� ã�Þ�\�� : �`S��M�E�L 1 é H M : H ÛS7 � � 140 dB ��� M�CE H�Î�Ï�� ��Ë >�Ì�Í�H�Î�Ï Bu�:�
8 � ��M F�Ë >Ì�Í�����z M
�}�9É Ç�Ê : 1 é H Û�7 vS= M È 3�ÉÇ�Ê���� M ����É Ç�Ê 1 é H Û�7 v�w M ����ù 1 ��ðÉ Ç�Ê 6 È 3�É Ç�Ê�A<B U�� >�� : H A M ] g× W : H M���� h � M _ R `�g : Ì�Í�H���Ò�� �c��

[13]
B	� '

(7) � ��M-��� Ç�Ê ÉSx�& H�Î�Ï :y�z�R �� �� ¨�� ��� : � ` � S∗′(x∗)/S∗(x∗)
g� M-C�E�&����

8 ����ù 1 M �� �� ¨�� ��� � `� N Ç�Ê���� P � ���<� = M g�� ��	 W�Ç�Ê : H
��� h � BI� 9

�
4
d Ç�Ê &�ö�: JIK�L�M H Û�7� `���M-R

Béquin
6

Morfey
: Ð�Ñ�Ò�Ó � W�X�M� H�Ú ã�Þ�\�� × T L�M L<M : Y = h ö�� ` : >?���� B	���

9 � � �C�ðÉ Ç�Ê : J�K�L�M : H Û7 v�W M ����É Ç�Ê : J�K�L�M H Û�7 vST B � �� � \���W �
0.6
L�M �}�9É Ç�Ê : J�KIL�M H ÛS7� !�W � È 3�É Ç�Ê �

4 dB,
x &����

8 � ��E�L���ðÉ Ç�Ê 6 È 3�É Ç�Ê : ì é H Û�7 j � � = M
"�ðg�þ ã H M F����ðÉ Ç�Êî^ : Î�Ï >�# h<e >�ÌÍ�f�� M _�= �9��F Ç�Ê è8é%$ @ M
�}��É Ç�Ê : ô
��� � `&�9×�'�(�M E�L�: M É >�Ì�Í�f-��) � ×��*�+ M
� x m � ì8é:M É�: >�Ì�Í�� `�×���M x ��RÉ�x�: Ç�Ê ô���� F è é�Z�, g × = : � `�M F cGS	SQ � ����-�.SM É�ÉSx�B���

8
6S�

9 ����ù 1 M 4
d Ç�Ê 1 é H Û :

J�K�L�M ��d 1�`�Â í H Û<7 × T M
" � E�L >�ÌÍ�h ö8�:d ��` M M É-: Î�Ï�� ��Ë >�Ì�Í�Î�Ï M CE � = ����: vS= �� �� ã�Þ ª Q�/
u∗

0 = 0.1,
� � S� ã�Þ�\�� �

0.65
L�M

4
d Ç�Ê 1 é �- S��H ÛN �� S� L�0�: � `�1S�

10
� { M ����ù 1�g�þ ãH M F 4

d Ç�Êî| : H�Î�Ï g�h�e c�G : � ��j�Mx�\�� � ��6 c�� B _�= C������ 8<9�2 � ��3�4��	 M�E�L Ç�Ê8^ H M ã�Þ ×�� 2�k M���� Ç�Ê É�x{ ìîé H P � :�y�z�M-��� Ç�Êî| : H M g �<`�1����:�3�4 ã�Þ � x h�e � �<j�B x d c�G L�0�53�4 ã�Þ�6�7 M K�8 + � � G x�4�M
4
d Ç�Ê8^ : H

M ; ��6�� 8�9�\�� z : å�æ�ã�Þ B-R�Ë >�Ì�Í����z :�9�: � X�MI���ðÉ�6 È 3�É Ç�Ê 1 é : �� 

��H Û<H < × W M �<��É Ç�Ê 1 é : �� I��H Û<H< vST B'�S�
10
| ��� �;� ù 1��� S��H Û M É��
 <�Â ��&�<�M M É8�:d�Ô�e Å�>�Ì�Í�� `�B�����Éx Ç�Ê : è}é 6 1 é�Z : H ÛS7 1 * 2

� { M f��

�
8 ������������"�#'& -�����0 ��)�* 2�3 "�4�5 �

�
9 ������������"�#'&(���� �¡ -�����0
��)�* 2�3 "�4�5 �

�
10 ������������%'&(��)�* -���0 ��)�*>=>?�"�4�5 �
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�
2 ����������)�*�������� 0.1 =�������������	'&�
�%'&���" -����

������� -�
 	'& ����%'&�� ����%'&������ ����%'&������ ����%'&������ ����%'&������-����
(dB)

-����
(dB)  �¡ -���� (dB)  �¡ -���� (dB)  �¡ -���� (dB)  �¡ -���� (dB)

��� � 180.8 166.1 162.4 150.1 134.5 130.7
� � 177.4 162.0 158.4 140.1 118.2 110.0
� ��� 180.2 165.3 161.4 145.1 127.5 120.9
��� � 174.5 157.0 155.2 135.0 111.9 108.6

&
4
d Ç�Ê : 1 é H Û Z�[������ f�; M � Ô ` \� | � g W K�L�M 1�` í H < × = B-E�L�: ì é HÛ�7 ��� W ���

8
| � � �� �� \�� z : H Û�7 MC�E���6 � � \�� Â�� = ����: v�= �� �� ã�Þ ªQ L�M ��� � = H�Ú ����� � � x�� y >�W H Û�7: H M B c K�L�M R J�K�L�M H ÛS7 � j�� w M * �H M : >�Ì�Í�� `�������MI� * 2

| : ¤�¥�Ò�Ó��
ù MI���úÉ Ç�Ê : c K<L<M H < � J<K W 12.3 dB,��� K W 27.9 dB;

È 3�É Ç�Ê : c K�L�M � J�K W
16.3 dB,

��� K W 33.9 dB,  _�! H < ��"-b Ä :
M É�M�� 7$# Q �:d�×�� �%�$% ~�É�6 �S��É Ç�Ê :c K�L�M R J�K�L�M H Û�7 � j�× = M * �úH M :>�Ì�Í�� ` Â �$�$��B�C�E�M�F���� v�= �� �� ã�Þª Q �
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