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Abstract Aiming at the problem that the accuracy of the first-order interval perturbation method is not satisfactory

when it is used for the response analysis of the acoustic filed with large uncertain levels, the acoustical second-order

interval perturbation finite element method is proposed based on the second-order Taylor series expansion and the

acoustic FEM method. In the acoustical second-order perturbation finite element method, the non-deterministic sound

pressure vector of the acoustic filed with interval parameters is expanded to the second order Taylor series. The upper and

lower bounds of the sound pressure response are evaluated latter in the inner feasible domain of the interval parameters

based on the extreme value theorem. Numerical results on a 2D acoustic tube and a 2D acoustic cavity of a car with

interval parameters show that the second-order interval perturbation finite element method achieves higher accuracy

compared with the first-order interval perturbation finite element method. Hence, the second-order interval perturbation

finite element method can be well applied in analyzing the acoustic filed with larger uncertain levels, and has a wide

application foreground.
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3 ë�
���� À Úöß������Âí 2 ó ?�	 ãöä 9�: [4] î �
 ß,@�A�<�=�>�5 É�# 2���
 Ï�� Ñ Ò&� À É 3 ë
ã������ ÏöÑöÒöÉ î Ð +�-������ � ß���� �������� H����ÈÉ���� À�� 6�	� ��ÈÑ Ò�� À É�! Ñ 3 ë
ã��ÂøÂù î"�# ã ä 4�5 Ð�7�8��ÈÑ Ò ü�9�:�$�%�&�'�()��öÑöÒ�� À É�C�*�+-,ôß ��&�'�(�)�C�*�+-,�.ôÉ
3 ë�
���� À ß Û�/ "�# ãöä 4�5�0 2 ó ��� À�� <= 
�1 5�	� �2 Ñ 3 ë ã�� 
���� À É��ÈÑ Ò�9�:
ãöä î "�# ãöä 4�5�;�<�=�>�5�3�?���4�5 "�# <�=>�5öß 0�2 É "�# <�=�>�5�6�7�8�9 Monte Carlo ø: 5öß "�#�;�< <�=�>�5öÚ

[5−7] î 	 ú ß Monte Carlo

ø : 5�;�<�=�>�5 É�?���%�'�8�9 Monte Carlo ø: <�=�>�5
(Direct Monte Carlo simulation finite el-

ement method)[5] î 8�9 Monte Carlo ø : <�=�>�5öÏ
çöè �öÑöÒöü�9�:�=�>�?öÉ�4�5öß 	�2���@�A ó ���B É À D î ï Monte Carlo

4 5 �DC 5D�DEDF ß �D� í
2 ó (�Göø +�-���C 9�: î�H�I 
 F ��C�J ëÂß�K�LM Ú�N ó ;�<�O�P 
�Q I "�#�;�< 5 [6] îSR 4�5�T "#DUDV � "D# þ DDW�X  �Y

Taylor ZD[ ß �D\D] "D#^ U�V É� �Y
Neumann _ÂÀ�`�aÂçÂè î Ð� �Y "�#;�< 5���<�=�>�5 É�N�bdc�e Z !�6 É� �Y "�#�;< <�=�>�5�� (�GÂø ÉÂí 2 ó���C�f ��9�: [8−9] î

 �Y "�#�;�< 5�%�0�� ç è�� C�D "�# � À É�� ÑÒöü�9�: î @g\ ß Xia
Ú 
�Q I�h WöÉ� �Y "�#�;�<<�=�>�5�G�B�	�i���I Ê Ë � Êkj/����9�: É Ê�l

ìöíöÌöÎ�9�:
[10−11] îmR 4�5öÐ çöè "�# ^ U�V $�%n�o I Neumann Z�[�_ÂÀ É�F�Y�����pÂß < J�h�qI  �Y "�#�;�< <�=�>&5 É�2&� ß ï T ó�r�s "�#

C�D�t�&�' ��C  �u "�# ^ U�V ß,	 ��C�J ë&@��ÑöÒ�� À É�vöý-wyxÂÞ�z î = ` ß Chen
Ú 
�Q I�{Y

Taylor Z�[ "�# ãÂä 4�5Âß¯Ð�?�|�6�}�~�� � Þ
ç è $ Ç ì í "�# É�cÈÞ��Èß,G&B�	 2 ó ?�	ÈÉ���ÂìÂí ãÂä [13] î�R 4�5�T�$ÂÇÂìÂí�W�X { Y Taylor

Z�[ � ]�$öÇöìöíöÉ `�a "�# cöÞ��öß < J�����I����� *öß�0�� ãöä �öÑöÒ���� ( É��ÂÑÂÒöü�9�: î Nó ?�|�6�}�~�� � ÞÂÉ { Y Taylor Z�[ "�# 5ÂÏÂÐ"�#�� B ç H `�a ì í�� À É�c Þ��Èß¯Û�/��������F�����=�� è î Fujita
ÚÂÐ çÂè { Y Taylor Z�[;�< D�$ ßg��� I���� � À Ð&�ÈÑÈÒ�C&D "�# . É� â Böß�� � ��� � À É��������Âüöß . E�� � ���� É [k  4 þ/��T�¡ ú£¢ Ñ Ò `�a ì í�D É�¤���=� â ß,G�B�	 2 ó  �¥�?�	ÂÉ < �ÂìÂí ãÂä [14] î

ÐÈÊ���¦�§Èßd¨ <ÈÉ& �Y "�#�;�< <&=&>&5ÈÐ
( �ÈÑ Ò�� "�# C�D Þ�© ��ª IÈÌ ÒÈÉ�2&� ß¬«�­

® Û H � ü `�a # ì í&?�¯�°�±�² h W É& �Y "�#;�< <�=�>�5 Ð��ÈÑ Ò�� À v ý�$ ��C�J ë�³�´ î{ Y Taylor Z�[ "�# 5�T�$ÂÇÂìÂí�W�X { Y Taylor

Z�[ ß,< J�����I ñ $ Ç�µ��Èü&� À E�!ÈÉ � ���*Âß 
 F I Taylor Z�[ "�# 5ÂÉ ��C 2�� î $ÂÇ ìí É "�# c Þ���¶ 2 $ Ç Ð "�# ú B É ì í��Èü�·� çöè ß�¸�¹ I çöè "�# ^ U�V ß�º�<�©�FÂÉ ��C�Jë î ��» : B { Y Taylor Z�[ "�# 5�E�FÂÊÂË ÀÂâ
ãÂä ßgi�¼ Q N ó�{ Y Taylor Z�[ ÉÂÊ�� "�#�;�<<�=�>�5 î�½�¾ ß�BöÊöË ú É��öÑöÒ�� À Ò�¿ H "�#C�Döß� �À��öÑöÒöÊöËÂÉ "�#�< � M�Á 4 -öî ��\ößTÂÊ�lÂìÂí�� À Ð�C�D "�# ú B�W�X { Y Taylor _
À�Z�[ ß � ]öÊ�löìöíöÉ { Y `�a ìÂíòþ D î =�\ößN ó�{ u�� À � â Ò�8 çÂè { Y Taylor Z�[ ;�< DH�I��ÂÑÂÒÂÊÂËÂìÂíÂÉ�C�* "�#

[12] î ��»�4�5�N ó
{ u�� À � â Ò�8 çÂè { Y Taylor Z�[ ;�< DÂß¯Ð��*�E - ú£Â � ��� â B É�Ã�ÄÈßgÅ ó ÀÈâ C 5ÈÉ
-�Æ õ�Ç îg{�È�É ) Ê Ë ��Ê�ËÈÊ�Ì ø ùÈã ä ?�¯Í-wôß�3-Î  �Y "�#�;�< <�=�>öß { Y "�#�;�< <�=
>ÂÉ ��C 2�����FÂßgº�<�©�ÏÂÉ +�- í 2���Ð î
1 ÑÓÒÓÔÓÕÓÖØ×ØÙT ó >�Ú&
&�ÈÉ�Û��ÈÊÈËÈß¯ê�§Ü. É�Û��ÈÊÈËÊ�l�4 - ßgÝ Helmholtz

4 -�H Á
∇2p + k2p = 0, (1)Þ ú ß k = ω/c H�ß À ß ω Háà êÂëÂß c H Ê��Âß ∇H�â ã C�ãÂîÊÂË�<ÂÞ�äÂÓ�å�æ���ç�è Á

(1) é ¶�ê�ë�æ���ç�èÂßgÝÂÊ�l�æ���ç�è Á
p = pD on ΓD. (2)

(2) ì�í æ���ç�èÂßgÝ�����æ���ç�è Á
∇p · n = −jρωvn on ΓN. (3)

(3) Robin
æ���ç�èÂßgÝÂÊ���î�æ���ç�è Á

∇p · n = −jρAnp on ΓR. (4)Þ
(2)—

Þ
(4) ú ß j=

√
−1 H�ï À ß vn

H�ð B�ñ <
��� î pD

Í�ò�æ���7ÂÊ�lÂß
n
Í�òÂÊ�Ì�æ���Í�ó�5

��4 þ�ß
An

Í�òÂÊ�¼�ô�$ À îN ó <�=�>�5Âß/H�I�õ�öÂÊ�§ÂÉ�$ÂÇ�4 -�H Á
(K − k2M + jkC)p = F , (5)Þ ú ß p H�÷ BÂÊ�l þ DÂß K, M , C, F ã�ø H $Ç�ù�� U�V ß�$öÇ�ú�D U�V ß�$öÇ���� U�V ��$ÂÇ�


� þ D
K =

∫

Ω

(∇N)T(∇N)dΩ, (6)
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M =

∫

Ω

NTNdΩ, (7)

C = ρcAn

∫

ΓR

NTNdΓ, (8)

F = −jρΩ

∫

ΓN

NTvndΓ, (9)

Þ��
N ��� ��� ÷����� �! ��"�#�$�%�&('�)�*�æ� ��+ � ��, N -�.�/�0 �

N = [ N1 N2 N3 N4 ], (10)1 � �
N1 =(1−ε)(1−η)/4, N2 =(1+ε)(1−η)/4,

N3 =(1+ε)(1+η)/4, N4 =(1−ε)(1+η)/4,
(11)

2�� &
ε 3 η � ��+�*�4 � � ����5�6�7�8�9�:�,

2 ;=<?>=@BADCDEGFDH
2.1 I�J�K�L�M�N�O�P�Q�R�S�TU 
�����
�V�W���X�Y�Z\[�]�Z\^�_�Z\`�a�Z\
bc�cdcec+ !cfcfcg �h�h	c�h, -h.cihjck 9hlc��c�c9c:cmcncoc
c� � �c�h�c	c+ ! &�ph�c�h�c�9�:�q 0�r ����9�:�st:�& - n�o � �

x ∈ xI = [x, x] = [xm − ∆x, xm + ∆x], (12)1���u � 2 � �
xi∈xI

i = [xi, xi] = [xm
i − ∆xi, x

m
i + ∆xi],

(i = 1, 2, · · ·, N)
(13)

2�� &
N g ����9�:���v !�w xi ��x i y ����	�9:�,

x, x, xm 3 ∆x
� ø n�o�st: x

������z�{�Z�|�|}|{|Z~�|� � � 3 �����|��, x , x, xm 3 ∆x
�

ø n�o�����9�: xi

������z�{�Z�����}�{�Z���� �
� 3 ��������,�c�c+ ! �c�h�c	c�c_ i �h�c	cd ! mcncoc&	�������	�d ! α:

α =
xi − xi

xm
i

. (14)

�c�c�c+ !c�c� 
c� !c� �c
hVhWc&�
h�h�c������ -���/�� �
Z(x)p(x) = F (x), (15)2�� &

Z(x) 3 F (x)
� ø�� d�e�����ù�_�$�% 3 []�st:�������+ ! x � ��� � &�1 � �

Z(x) = K(x) − k(x)2M(x) + jk(x)C(x), (16)

2�� &
K(x), M(x), C(x)

� ø n|o|d|e�ù|_|$|%|Zd�edú�:�$�% 3 d�e�`�a�$�%�������+ ! x � �� � ,��� 
����������������
(15) ��� ��
����� � �

p(x) = (Z(x))−1F (x). (17)'h
h�h�h�
p(x)

�h�h� � � xm �h�h�h� �
Taylor ��� �

p(x) = p(xm) +

N
∑

i=1

p,xi
(x − xi), (18)2�� &

p(xm)
ncoc�c� � � � �c
c�c�c� � & p,xin|o|
|�|�|�|�|)|9|:

xi

� � �|�|  ! �|�|� � ��|� � ∂p(x)/∂xi|x=x
m

,¡�|�|�
(15) ¢ 4|'|9|: xi£ � ����  ! & -�¤ 
���������)�9�: xi

� � ���  ! �
∂p(x)

∂xi

= Z−1(x)

(

∂F (x)

∂xi

− ∂Z(x)

∂xi

p(x)

)

. (19)��� 2
(18),


������������
xI ¥ ��� � � �

p(xI) = p(xm) +

N
∑

i=1

p,xi
(xI − xi) =

p(xm) +
N

∑

i=1

p,xi
∆xie

I ,

(20)

2�� &
eI = [−1, 1]

,¦�) � � Taylor ����§�¨�©�ª &�
���������«¬ � 3 «�­ � � ø�� �
p(x) = p(xm) +

N
∑

i=1

|p,xi
∆xi|, (21)

p(x) = p(xm) −
N

∑

i=1

|p,xi
∆xi|. (22)

2.2 I�J�®�L�M�N�O�P�Q�R�S�T�hrh¯h° �h�h
h� !h� �h� �h±h_h&�²h³h�h��
Taylor ��� � ��� ����+ ! 
�� !�� ��
�&�´ k
�����������������������,µ'�
������

p(x)
���� � � ��� ��� Taylor ��� �

p(x) = p(xm) + G(xm)(x − xm)+

1

2
(x − xm)TH(xm)(x − xm),

(23)

2�� &
G(xm) 3 H(xm)

��¶�n�o�·�_�st: 3 Hes-

sian
$|%|�|�|� � � xm

�|� � &¹¸|�|�|·|_�sº: 3
Hessian

$�%���¶ � �
G(x) =

[

∂p(x)

∂x1

∂p(x)

∂x2
· · · ∂p(x)

∂xN

]

, (24)
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H(x)=























∂2p(x)

∂x1∂x1

∂2p(x)

∂x1∂x2
· · · ∂2p(x)

∂x1∂xN

∂2p(x)

∂x2∂x1

∂2p(x)

∂x2∂x2
· · · ∂2p(x)

∂x2∂xN

· · · · · · · · · · · ·
∂2p(x)

∂xN∂x1

∂2p(x)

∂xN∂x2
· · · ∂2p(x)

∂xN∂xN























,

(25)1 � �
∂2p(x)

∂x2
i

= Z−1(x)

(

∂2F (x)

∂x2
i

− ∂2Z(x)

∂x2
i

p(x)

)

−

Z−1(x)

(

2
∂Z(x)

∂xi

∂p(x)

∂xi

)

,

(26)

∂2p(x)

∂xi∂xj

= Z−1(x)

(

∂2F (x)

∂xi∂xj

− ∂2Z(x)

∂xi∂xj

p(x)

)

−

Z−1(x)

(

∂Z(x)

∂xi

∂p(x)

∂xj

− ∂Z(x)

∂xj

∂p(x)

∂xi

)

,

(27)2�� &
i, j = 1, 2, · · ·, N

,' )
N � � � 9 : & $ % H(xm) � N � � % &� �|�|	|9|:|v ! N � ¬��|& �|�|0 ²�� ° ,	��
�&
|�|�|�|�|�

Taylor �|� �|�|:|n�� 2 (23) 
 �|�� �|�|9|:|�������|& 1|�|� �|���|����� , ��r��l ����3�¯�°�������� &µ³�� 13 ¯���i�©�ª �����
Taylor ����� ! n�o���� Taylor ��� ����:�,�����

Hessian
$|%|�|'�� § �|u|& �|
|�|�|��sº: -|.©�ª�� [13]:

p(x) = p(xm) +
N

∑

k=1

p,xk
(xk − xm

k )+

1

2

N
∑

k=1

p,xkxk
(xk − xm

k )2,

(28)

2�� &
p,xkxk

� 
|�|�|�|�|)|9|: xk

�|�|�|�|  !����� � � ��� � ∂2p(x)/∂x2
i |x=x

m

,
�������st:�����u � 2 � �
pj(x) = pj(x

m) +

N
∑

k=1

pj,xk
(xk − xm

k )+

1

2

N
∑

k=1

pj,xkxk
(xk − xm

k )2, j = 1, 2, · · ·, n,

(29)

2�� &
n � 
c�c�c�c�"! � v ! & pj(x) 3 pj(x

m)��¶�n�o x j y ! � ��9�: x 3 ��� � � ��
����� � , pj,xk
3 pj,xkxk

��¶ � 
������ pj

��)�9�:
xk

� � ��Z�������  ! ����� � � ��� � ,i ∆pjk(xk)
n�o�
������

pj

��)�9�:
xk

����
Taylor ��� ����:��

∆pjk(xk) = pj,xk
(xk−xm

k )+
1

2
pj,xkxk

(xk−xm
k )2. (30)

� 2
(30) # � 2 (29),

�c
c�c�c�c�c�cu � 2- l � �
pj(x) = pj(x

m) +

N
∑

k=1

∆pjk(xk). (31)��� 2
(31),

��9�l����
xI ¥ & N � ����	�
��
���������z�}�{ -�. n�o 0 �

pj(x) = pj(x
m) + max

N
∑

k=1

∆pjk(xk) =

pj(x
m) +

N
∑

k=1

max (∆pjk(xk)) ,

(32)

p
j
(x) = pj(x

m) + min

N
∑

k=1

∆pjk(xk) =

pj(x
m) +

N
∑

k=1

min (∆pjk(xk)) ,

(33)

∆pjk(xk) � �|)|9|: xk

�|��$�%�&  |! ,
�|�

' �	�(|& ' �|� �  |! 	|��) ¥ ��* ���|�|��{ � &,+-�.
[12]:

∂f(x)

∂x

∣

∣

∣

∣

x=x0

= 0, (34)

2��
x0 �  �! f(x)

� ' ��� ,��$  �! ∆pjk(xk) /�0 � ��y ' ��� , ' ����c�"$  c! �c	c�")c� �c¢cy � � �"*c¨ � �"* ��c& �"* �c� ¥ �"$  c! �czh}h{c�h¸c�h�h�c�21� � � ¤ &43 �  c! � ¢hyc�2* �c�21 � �  c!h�5 -c¤"6 �"$  c! �c	h�") ¥ �hzh}c{h,�7h'"8h	�c� ¥ �"$  c! �c« �29": &�;2<"=2> ' �h� �2?
@ , A�B|��$  |! ∆pjk(xk)

� ' �|� ��8|	|�|� xI
k¥ &,C|£|��$  |! � ' �|� � �  |!�� &,D�£|��$  ! �"8c	c�c�"1 � �  h!c� &�«2EF3 � ' � 3 1 �� ¤�6 ��$  |! �|«|¬ � 3 «|­ �|wHG �|&HI|��$  ! ����� xI

k
¥tg ��* ��&(1�z�}�{���¸���������1� � ¤ ,J�����:

∆pjk(xk)
��)

xk

� � ����  ! � 0,-�.�K�¤ 1�¸���� ' ��� , 5ML
∂∆pjk(xk)

∂xk

= 0, (35)

-�¤ ∆pjk(xk)
� ' ��� xjk ,

xjk = −
pj,xk

pj,xkxk

+ xm
k . (36)

�c�c�c�c�c:
∆pjk(xk)

�c�c�
xI

k
¥ �c«c¬ �3 «�­ � -�.�N�O�� �
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max (∆pjk(xk)) =
{

max (pj(xk), pj(xk), pj(xjk)) , xk <xjk <xk,

max (pj(xk), pj(xk)) ,
1��

.

(37)

min (∆pjk(xk)) =
{

min (pj(xk), pj(xk), pj(xjk)) , xk <xjk <xk,

min (pj(xk), pj(xk)) ,
1��

.

(38)

¦c)c�c�"1 � 3 ' �c� ���c5����c£��c
h�c������
Taylor ��� ����:�&	������¦�z K�¤ 
�����c�czc}c{c,�
c�c�c�c�h�h�c�h�c�h� !c� � �c�
 � � �

(1)
´ k 
�������� !�� V�W�&\������	�+ ! �� � � ��� 
������ � ��� pj(x

m)
,

(2)
'c�h�c	c
c� 
c�c�c� �c� �c� Taylor �� & K�¤ 
�������� ©�ª
� 8  �! 2 (29)

,
(3)

�h� 2
(36) �h� �h�h: ∆pjk(xk)

� ' �h� ,
(4)

C = > ' ����g G ����� xI
k
¥ &�D

���
2

(37) 3 2 (38)
£�����:�������	���� ¥ ��«�����,

(5)
¦c)c�c�"(��c&	� 2

(32) 3 2 (33) ¤"6 
��������z�}�{�,
3 �������
3.1 ����I�������

1
pco �c����� 
c�hVcWc& ¥ 6h
������ � ����*�4 �"!$# & ��% 1 m

Z	&
0.1 m, ¥ 6 L$'(�)�*�& ' (�^�_ � ρ,


�+�� ' ( � ��b�_ � c, �, � 1�-�.�b�_�4�{�/�0�� ��stb�_ vn = 1 m/s;
1

1c4c{ ��2c¨�3 ,�� ����� 
�� !4# �h*c4 � � �! y ! � 640,
! �|! � 729, � � % _ � 0.0125 m

,

5
1 687898:8;8<8=8>8?8@

����A x B ��
���±���� � �
p = −jρcvn

cos(k(1 − x))

sin(k)
. (39)

�"�c
c� � �c�h�c	�Ccuc&�� ' (h^c_ 3 
cbD � �|�|9|:|,FE|	 ' (|^|_ ρ
�|9|lHGJI � 1.182∼

1.326 kg/m3,

 b

c
� 9 lKGLI � 324.8∼358.6 m/s

,�|� 2
(14),

' (|^|_
ρ 3 
|b c

�|���|	|d ! � �
0.1
, �|¶HM i|� �|�|���|�|�|�|�|� (F-IPFEM)

Z� � � � � � � � � �
(S-IPFEM) 3 Monte-Carlo�h' ��� 
h� � � !N# VhW �h�h�h� &	�h'h� ��O

� }|�|
|�HP|6 �|�HQ B �|� ' 3º�|
HRHS|, � 2 3�
3
n|o O �|� 300 Hz 3 400 Hz

� AH�H� �UT B x

��sº�|
|�HP|6��HV|, � �
2
Z �

3 W|. }|� � � &
F-IPFEM(upper) 3 F-IPFEM(lower)

nco ic� �c��|�|�|�|�|�|� �|� �|z|}|{ w S-IPFEM(upper) 3
S-IPFEM(lower)

n�o i ������������������� ����czc}c{ w i Monte-Carlo X"# 10000
$ Kc¤ �c���z�}�{�Y � !�� � ����+�����,

5
2 Z898: x [8\8;8]8^8_8`8a8b (f =300 Hz)

5
3 Z898: x [8\8;8]8^8_8`8a8b (f =400 Hz)c �

2 3 � 3 -|.Hd�� & '|� �H�H� 
|� 9�: &
S-IPFEM

3
F-IPFEM

� �|� ±|_ ° &feHg ¤�6��|�h ����
�����������z�}�{�&ji�k r S-IPFEM
���

��¨ ,��r�l )���
�'M3t&�	���5�6�m�n (Le)

Le =
pmonte − p

pmonte
× 100%, (40)2�� &

pmonte � Monte Carlo �|� �|
|�|z|}|{|& p��©�ª ������� ��� ��
���z�}�{�,
S-IPFEM

£��h
h�h�h�h�h�h�
Taylor �h� ��h:2��o�p r Hessian

$h%h��qh'2� § �huh, �hr��

Hessian

$�%�q�'�� § ��u�' S-IPFEM ��� ±_h��rh�h&	M i2
 Hessian
$h%hph�h�huh�h�h�h��������������

(S-IPFEM s full))
'�����	�
�� ������ &t��u S-IPFEM

� ����Q B ��� 'M3t��
�,
S-IPFEM(full)

Ch'h
h�h�h� �h� �h� Taylor �h�
Kc¤ �c� Taylor �c� �c�c:cn"� 2 (23), v�w�xci
Monte Carlo

� �|� 
|�|�|�|�|� Taylor �|� �|�|:�|�|�|	|�|�|& K|¤ 
|�|�|�|z|}|{|, S-IPFEM(full)��� r Hessian
$�%�p�����u�' ����Q B���r���,
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2015 �

�
1 Z898: x [8\8;8]8^8_8`8b�������� (f=300 Hz)

x (m) Monte Carlo (Pa)
F-IPFEM S-IPFEM S-IPFEM (full)

;8]8^8_ (Pa) Le ;8]8^8_ (Pa) Le ;8]8^8_ (Pa) Le

0.2 70 19 71% 49 29% 47 30.1%

0.4 −491 −449 −8.6% −500 2.9% −506 3.1%

0.6 −306 −254 −16.8% −316 3.3% −308 0.7%

0.8 244 222 9.0% 234 3.8% 235 3.2%

1.0 922 788 14.6% 859 6.8% 867 5.4%

�
2 Z898: x [8\8;8]8^8_8a8b�������� (f=300 Hz)

x (m) Monte Carlo (Pa)
F-IPFEM S-IPFEM S-IPFEM (full)

;8]8^8_ (Pa) Le ;8]8^8_ (Pa) Le ;8]8^8_ (Pa) Le

0.2 −203 −219 7.8% −189 −6.7% −195 −3.0%

0.4 −824 −727 −11.7% −779 −5.5% −784 −4.2%

0.6 −728 −607 −16.5% −669 −8.0% −677 −6.1%

0.8 185 177 4.4% 190 −2.4% 186 −0.1%

1.0 492 434 11.8% 505 −2.5% 497 −1.1%n
1 3 n 2 ���|r �|
 O �|� 300 Hz

�|� � ��c�c�c�c�c�c� �c� �c
c��Pc6��c�czc{ 3 �c�c}{ Q B .�W �
	�¸�' Monte Carlo
����5�6�m�n�,

c�n
1 3 n 2 -�.�d�� �

(1)

�b 3 ' (�^�_�������	�d ! � 0.1

��&
F-

IPFEM
�HmHn|�

14% �
� & S-IPFEM
�HmHn|�

5%

�
� & S-IPFEM
� �
�
�|r F-IPFEM

� �|� ±|_|,
(2)
�c
c�c�c� � ­c� � & S-IPFEM

� �c��QB�¸�'�m�n
��¬�&�� ��� ±�_�������) F-IPFEM
,

(3) S-IPFEM
� �|� ±|_Hp
�|) S-IPFEM(full),��n��t��£������
Taylor ��� ����:���&���p Hes-

sian
$c%c��qc'"� § �cu����cm � 	h��m�nh&��c¸3 ������� � ¯�° &���.
��:�m�n g -�.�v
 ��,

3.2 !
"
#�I
$�����
4 ��%�&�'�(�( ¥ 
��c� �"� lcVcWc,��c
�
) ©
* �
+|4|{|zH-H.|��s-,|�|b|_ vn=0.01 m/sY � b|_|4|{H/H0 w �|
H�
.|6
) ©
/
0
1
2 �
.
34c62? @�5 w�6 
�7�8c&�`�9c4c{cd ! � An,

1�14|{ �H2|¨H3 ,;: i hypermesh < 0|�
= (
( ¥ 
H��H� � *|4 �J!U# V|W|& *
>|�  > � !$# & ��1 �� 3 ! ��?�@   � 
c�c�c�c�c��Ac£��c
c�h�c�c,� �B(BC 
�� !N# �h*h4 � � � y ! � 1013,
! �! � 1173

,
�"��D�E�Ccu 3�F�G �c� -�H�Ic¨c.�W 7B8�J(BK ¨ �BL s ¨ &�� ' (h�h^h_hZ�
hbhZ�`M9h4h{d !�N D � �c�c9c:c,	Ec	 ' (c^c_ ρ

�c9cl�G I

� 1.184∼1.252 kg/m3,
1h���h	hd ! � 0.06;

Eh	
�b
c
��9�l G I � 331.5∼349.2 m/s,

1�� ��	d ! � 0.05
,	Ec	c`�9c4c{cd ! An

�c9cl�G I �
0.0014∼0.0015 m/(Pa·s),

1c�h�c	cd ! � 0.07
,��¶�M ic� �c�c�c�c�c�h�c�h�cZ �c�h�c�h�h�c�h��h� 3 Monte-Carlo

�h' ( ¥ � � 
�� !N# VhW ������ &�'M3t��
�
��
O�6 3 
���P�6 ����Q B�,�
5 3 � 6

��¶�n�o���
 O ��� 180Hz
� &
'
( 
�
P�6�4�{ § 
���O�6 3 P�6�������z�}�{ � ,

5
4 Q�R8\8687�S�T�U8;8<8=8>8?8@

5
5 S�T�U8;8<�V8_�W8b�X8;8]�Y8_8`8a8b
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5
6 S�T�U8;8<�V8_�W8b�X8;8]8^8_8`8a8b� � & ' ( 
L� V W � 
 � � � z } { � n� &��c�c�c�c�c�c�c�c�h� 3 � �c�h�h�c�h�h�c��c� �c� ±c_ ° & �c��� i�k r �c�h�h�c�h�h�c�������� ��¨ ,: i Monte-Carlo

�h£��h
h�h�h�hzh}h{2�h&
�c�cr 10000

$ X"#c�c� , L )�� � $ X"# N ;"<����� $�������M � & ������� �
��, F-IPFEM 3
S-IPFEM

��;�< ����� $�������M � & x�i ��� �� �c�c�"8 ¨c-c.�� b Kc¤ 
h�c�h�h�czh}c{h& '¬c�c_���	 rc�c��
�� & -c. � i )h¬cWh�h�h�c	
|��
|�|�|�|�|
|,
S-IPFEM

�|�|'|
|�|�|� �|��c��
�� �c� �c¦c)c�"$  h! ' � 	2(h£��h
h�c��|�|�|�
Taylor �|� �|�|:|& ¸ 3 F-IPFEM

�|�|&1 �c�"�"� pc�����c& L ) �h��� � � �2;2<�� v£H�|�|���|$|%|&
S-IPFEM

�|��������� r � ° �������� ,
4 ���
²c³c�c�c�c�c�c�c�c� �c� �c�c�h�c	c
c��VW|& ´ k|r 
|�|�|�|�|�|�|�|�|���|�|& �|�|1 i )�h�h	h
h���h
h�h�h�h�h
h, . � ����� 
h� u &

'
( 
���V�W � !�� ��� &	R�S Q B�n��t�
(1)
�|�|�|�|�|�|�|�|�|� 3 � �|�|�|�|�|�|��|�|±|_�� ° &��|#|�|�|	|_��|¬|�|�|�|�|�|	|
|�
���������
�,

(2)
'�) ����Q q�������	�
�����
�V�W�&\
���c��ucdcec+ !� ��q §c¨"��! &��2�c�h� Taylor��� ��e�� � �
������������� ©�ª m�n�,

(3)
�|�|�|�|�|�|�|�|�|� 3|� �|�|�|�|�|�|�

�c�c� �c�"�"� N � ° ,��c�h�h�c�h�c�h�h�c�h��c�"�"� p��c) � �c�h�c�h�c�h�h�c�h&�� g ¸h') �|� ±|_|� ¯|° & �H.|� �|��
�� g -|.�v
 ��,
" # $ %
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