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Abstract The direction of arrival (DOA) estimation methods for underwater acoustic target which using temporally

multiple sparse Bayesian learning (TMSBL) as the reconstructing algorithm, were slower for the process of computation.

To solve this problem, a fast underwater acoustic target direction of arrival estimation based on sparse Bayesian learning

research was proposed. Analyzing the model characteristics of block-spare Bayesian learning framework for DOA, the

algorithm proposed to obtain the value of core hyper-parameter through MacKay’s fixed-point method to estimate the

DOA, so it spent less time for computation, and had more superior recovery performance than TMSBL algorithm.

Simulation results verified the feasibility and effectiveness of the proposed algorithm by comparing the DOA estimation

performance with TMSBL and other traditional DOA algorithms through different facets such as operation time, failure

rate and root mean square error.
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(Direction-of-arrival, DOA) ÇÀÈ [1−2] ÉÊÌËÌÍÌÎÌÏÌÐÌÑÌÒÌÓÌÔÌÕÌÖÌ×ÙØÌÚ ÄÜÛÞÝÌßÙàµáÌâÕãÊãËåä·æ ÄãÅ ÇãÈãçãèãéãêãë àzìÀíãîÀïãàzðÀñãò

ÕÀÊÀËóä«æ ïÀôÀõ
DOA ÇÀÈÀöÀ÷ MUSIC (Multiple

signal classification) ø ESPRIT (Estimation of sig-

nal parameters via rotational invariance techniques) ö÷ [3−4], ùãú Öã× Éãûãü ÍãÎãýãþãÏãÐãÕ â Èãÿ����ÇãÈ ä·æãÕ ÄãÅãÆãà������ ×�����	
� ¾ ü à è
���¾���ãø Ï���� �� Õ������ à ÇãÈ��������������
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� � ��������� Ò�	 (Compressed sensing, CS)[5−6]Õ�
����ÌÏÌÐ�����ÌÑÌÒ�
������ÌÕ����

[7−8] � ð���
CS
Ò�	ÌÕÌÊÌË ä æ ÄÌÅ ÇÌÈ������ �ÙØÌÚ��Õ���� à��

CS
Ò�	� �!�" � à$# ñ�%�&�'�%�( Õ���

CS
Õ

DOA ÇÀÈÀöÀ÷�)�*�+ 
�� à-,�%�.�/ � Õ0�1���2�3
(Basis pursuit, BP) öÀ÷ [9−10] ø�4�5 23

(Matching pursuit, MP) öÌ÷ [11] 6 � BP öÌ÷ "7�8�9 ¾ Õ�: ��; � 9 ¾ Õ�: à=<�>�?�@�A ��B�CÕ Ä ÷�D�� 7�E : à=F�G�HÙÄ ÷ÙçÌèÙÈÙö �  � àI ö �J Õ�K�L�M ð MP öÌ÷�N � ß�H�O�P öÌ÷ àQ�<�R I�S�T í  � à=F�U�VXWZY�YÙî ��D�� 7�E: � ð è U�V Õ�[�\ W à ÊÀËóä«æ DOA ÇÀÈ î�]�^_ D`� 7`E : àba`c`d ×`e`f`g ÈÀö �  8`h I ö Tí ��i ôÀõ�jÀï ÕÀ×�e � �
�Ààlk�% Õ ß�m ��� CSÕ
DOA ÇãÈ Ä ÷`n �ãÊãËåä·æÀÕ DOA ÇãÈ U`V [\ ��oÀçÀè ß�p Õ�q ë
�r`s

12

`�`�`t n ' 	��`u��ãÕ`v`w`x`y`z`�{ Õ

DOA ÇãÈãöã÷ à}|ãÄ ÷ ,`%  ï Õ ÇÀÈ ìÀíãàF É | öÌ÷  �! è ÏÌÐ�~�f�g���! aÌô�� Õ������� àb]`�`� � ~ãÏãÐãÕ`�`�`�`� àb���`��� � ÏÀÐ`~Õ c � * � ÿ�� à ��� t n ,`%`c � ÿ�� ÕãÏãÐ c`/k � � � �� Õ ÿ�� � r�s 13 ø r�s 14
W t n ~ÏÌÐ��ÌÕ c�� ��� ÿ � 
���� TMSBL (Temporally

multiple sparse bayesian learning) öÀ÷ à�Q�<�R è c� * �ãÕ������ ,`%`�`� Õ`�`� ��� à�F É R � R ù
MMV (Multiple measurement vectors) öÀ÷�* � I�ST í�d É �J àµî � f�g U�V [�\ÀÕ � e �7 � à

Zhang

���� ß�H t n TMSBL öÀ÷ Õ��� öÌ÷ [15],

G�� ���ÌÕ öÌ÷ É \ MacKay

��ÌÕ

p � Ä ÷ (Fixed-point method)[16] n v`w`x`y`z`� {
(Sparse Bayesian learning, SBL)[17−18]

Õ���� ¾ � SÇãÈ à D`� �ãÕ`�`� ¾ � { B`� àbG�� öÀ÷`��� � Èö � à}� � � Èãö c � à}� i`* �l� TMSBL öã÷ %
 � Õ ì��ÌíÌà=G��ÌÄ ÷ Õ�
���� ,�%�c � * � ÿ
� ÕÙÊÙË ä æ DOA ÇÙÈ Ä ÷ Õ U�k 
���� ß�H �Õ Ä ÷Àø ��� ��� r è ØÀÚ ô�  TMSBL-FP öÀ÷�¡Ò`�`¢�£ à �`¤`¥`v`w`x`y`z`� {`¦�§ �

DOA ÇãÈÕ ÿ�� à 
���� ß�H � T Õ�����v�w�x�y�z�� { ÕÊÀËóä«æ
DOA ÇÀÈ Ä ÷
� U�¨�/ � à � rÀÄ ÷ÀèÀÇÈ ì��Ìí ø I�S�T íÌÄ�©�ª E ����� TMSBL öÌ÷Õ

DOA ÇÀÈ Ä ÷ à i ����« j�% � ß�p Õ�
 ï �
1 ¬® DOA ¯®°®±®²��� %

M
��³�´ ÊÀËóä«æÀÏÀÐ à ýÀþÀÍÀÎ���µ

%
N
� Í`¶ãÕ ª`·`A Í

(ULA),
Í`¶`�`¸`�

d = λ/2

(
R¹W

λ
��º�»ÀÏÀÐÀÕ�¼�½

), � t
c�¾ ÍÀÎÀýÀþÀÕ��¿ÀÏÀÐ

y(t) À /�Á � ¿
y(t) = A(θ)x(t) + e(t), t ∈ {t1, · · ·, tL}, (1)Â¹W ¿

A(θ)=[a(θ1), a(θ2), · · ·, a(θM )],

a(θm)=[e−jβx1 sin θm , e−jβx2 sin θm , · · ·, e−jβxN sin θm ]T,

a(θm) n [ θm

Ä Û º`»ãÏãÐãÕ`Ã Û u�� à
θ1 , θ2, · · ·,

θM

/`Á
M
� ÊãËåä·æãÏãÐãÕ ÄãÅãÆãà

bn =(n−(N+

1)/2)d
/�Á�A Í W á ��Ä Õ Å�ÅÀà β =2π/λ, e(t)

/Á ÍÌÎÌÕ�Æ 	 �ÌË à
x(t)

/�Á�Ç » � ÍÌÎ�£ÌÕÌÊÌËä æÌÏÌÐ à=R � ß���� ��È eÌÕ�~�ÉÌÍ à L
/�Á �

�À¾
�Ê Â
(1) Ë�Ì�� MMV Í�Î W ¿

Y = A(θ)X + E, (2)Â¹W à
Y

M

=[y.1, y.2, · · ·, y.L]∈R
N×L,

/�Á À " D �ÀÕ
L
� 	 ��u �ÌÕ�Æ 	�ÉÌÍ�M

X
M

= [x.1, x.2, · · ·, x.L] ∈,
R

M×L,
/�Á�� � Õ È eÌÕ�~�ÉÌÍ�M E

M

= [e.1, e.2, · · ·,
e.L]∈R

N×L,
/�Á�� � Õ
�ÀË�ÉÀÍ � Â (2) À "����Ï ��Ð
��Ñ Á Õ�v�w /�Á�Ò�Â ¿

Y = ΦX̃ + E, (3)R¹W
Φ = [φ(θ1), φ(θ2), · · ·, φ(θK)]

��Ó�Ô�Ñ % ���ÀÕÏÌÐ À � º�» ÄÜÛ Õ��ÙÔ�Õ�Ö ÆÙí � àµß�× f�g ¿
K�N >M ,

ä«æÀÏÀÐÀÕ ÄÀÅÀÆ [ | 0�µ è K
�ÀÆí

θk

W à
DOA

Õ�e�:�K�L�Ø���� � � ÊÀËÌÏÀÐ�~ÉãÍ
X̃, ù Õ`: è �`�ãÔ`Ø`v`wãÕ àÚÙ`Û ä·æãÏãÐãÕÅ�Å�Ü n [��ÀÊÀËóä«æÀÏÀÐÀÕ ÄÀÅÀÆ �

2 Ý®Þ TMSBL-FP ß®à®á®¬®ãâåä
DOA æ®ç
��è ÖÌ×�����Ø�é�ê� �!�����¥�v�w�x�y�z��{`¦`§ ÕãÊãËåä·æ

DOA ÇãÈ`Í`Î à}<`> è | Í`Î Õ�`¢�£ ?`@
TMSBL-FP öã÷ e`:`�`��� λ, γi, Bi, ∀iÕ�ë à 7 >�ì D ÊÌË ä æÌÏÌÐ�~ x

Õ 7 � >�¨ « jí ð�U�k n ä«æÀÏÀÐ�~ÀÕ DOA ÇÀÈ
�
2.1 î�ï�ð�ñ AR(1) ò�ó

� �ÙÊÙË ä æÙÏÙÐ�Ø ,�%�c�� ���ÙÕÙÏÙÐ à Ñ"�\ ß�ôõ�$ö$÷
AR(1) Í�Î
��ø�ù G�ú ÏÀÐ à=R fg
� Â ¿

X̃i,j+1 = βX̃i,j +
√

1− βni,j ,

i = 1, · · ·, K; j = 1, · · ·, L
(4)
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R W
β∈(−1, 1)

Ø
AR(1)

Õ�� ¾ à Ð�� β = 0, � £ ùÕ
MMV Í�Î�ø�ù ÕÌÏÌÐ Ü ����! aÌô�� ÏÌÐ�~�MÐ��

β = ±1, � £ ù Õ MMV Í`Î Ü�� � � SMV(�	 ��u �
) Í�Î � K

/�Á �ÌÊÌË ä æ )�C ô Õ����Å�Å ¾ à L
/�Á �
�À¾
�

2.2 �
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�

�
�
�
�
�
�
�
�
�
����� DOA�
� ò�ó� � ! " # $ % &
(Block-spare bayesian learn-

ing, BSBL) ' ( ) * + , - . / 0 1 2 3 4 5 4 67�8�9�:�;�<�=�> 0�1�?�@�A�B 9�C�D�E�F�G�H�IKJ
+ , L M - N O P Q R S T U V W X 4 9 5ZY 8 I[ \ " # $ % & ] ^ _ / `ZaZb 9ZcZF IedZf 2 0
1 9�g�h�i�j�c�F�Ilk�m�=�> /�2
0�1 9 A�B
nlo�pq�rtsvu 0�1�w�x ��!�y�z�Il{�|
} 5�4
6 7
8�Il~� � � ! 0 1 9 : 8 I o � � � � BSBL ) * � O� q�rtsvu

DOA
c�F���I������ �

BSBL )�* 9 qr�s�u
DOA

c
F T
U
n��������q�rtsvu 0�1 X̃i.(∀i) � k ? $���� n�
p(X̃i.; γi, Bi) ∼ N(0, γiBi), i = 1, 2, · · ·, K (5)���

γi p����
`�a�b I�J���� q�r 0�1�2 X̃
����9

� � ! � � � j G   }Z7 I¢¡ �Z£ 9Z�Z! ¤Z¥Z¦ §
6 7
Ie¨ γi

9
� p 0 5 I 6
� 9 X̃i

�
©
ª
«
¬ p
0, o
� γi

|
}
�
!
8 n Bi p
P
Q
R
S I T
U
V X̃i

4 9 5
4
6 7
8 n γiBi p X̃
9
¦
¥

G
  R
S
nJ
®
I � Q y = vec(Y T)∈R

NL×I , D = Φ ⊗ IL,

x=vec(X̃T)∈R
ML×I , e=vec(ET),

^
� � �
�
!
"
#
$
%
&
9

DOA
c
F T
U
¯
° y
z p
±

y = Dx + e. (6)�Z�Z²Zr pZ³Z´ �Z9ZµZ¶ ? $Z·Z¸ \ ¤ZIe¹Zº
S ©�»�9 ²�r ¹ 6 7�Il{ ²�r � 0�1 ¹ 6 7�I½¼ ° ²r�¾ b
¿
À
Á
Â
? $
�
� ±

p(ei) ∼ N(0, λ), (7)���
ei

y
z
e
��Ã

i Ä ©
ª
I λ
y
z
G
 
I � - [\ �

(7) ¯
°
Å � ±
p(y |x; λ ) ∼ Ny|x (Dx, λI). (8)^

x
9 � j
�
� ±

p(x; γi, Bi, ∀i) ∼ Nx(0, Σ0), (9)J��
Σ0 x
Q
Æ
p
±

Σ0 =




γ1B1

. . .

γKBK


 . (10)

Ç X "
#
$
È
^ ¯
°
É Ê
Å � q
r 0 1
2 x �k ´ � p ux,
G   p Σx

9 i j ? $ � � Iey Ë �
Á
Â
±

p(x |y; λ, γi, Bi, ∀i ) = Nx(ux, Σx), (11)J�� ´ � p
±
ux =

1

λ
ΣxDTy, (12)


G
  R
S
p
±
Σx =

(
Σ−1

0 +
1

λ
DTD

)−1

=

Σ0 −Σ0D
T(λI + DΣ0D

T)−1DΣ0.

(13)

�Ì5Ì´ �Ì_ÌGÌ Ì9ÌÍÌ£ \ ¤ÌÎ VÌpÌ/Ì`�aÌb
λ, γi, Bi, ∀i

9ZÍZ£ZIe¨Z¼Z}Z9 `ZaZbZx cZFZ�Z< 3i
IeÏ
Ð
Ñ ¯
°
Å � q
r 0
1 2 x
9
g
h
i
j
Ò
Ó

(Maximum a posterior probability, MAP)
c�F

x∗ p�±
x∗ ∆

= ux = (λΣ−1
0 + DTD)−1DTy =

Σ0D
T(λI + DΣ0D

T)−1y.
(14)

2.3 TMSBL-FP Ô
Õ
Ö
×
Ø
Ù
Ú
TMSBL-FP Û H - � � BSBL )
*
É
Ê �
<
9C
D
�
!
"
#
$
%
& Û H
IÜÇ X � (8)

_
�
(9) ¯ Í£
Ý
Þ
ß W L(Θ)

9
y
Ë
�
[13], Á
Â ¼
z ±

L(Θ)
∆
= −2 log

∫
ρ(y |x; λ )ρ(x, γi, Bi, ∀i)dx =

log |Σy|+ yTΣ−1
y y,

(15)

J��
Σy

∆
= λI + DΣ0D

T n
pZàZwZáZâZã 9 ÉZÊ � `ZaZW 9Z%Z&Z]Z^ZIeÏÐ [
\
ä � É
Ê <
å V Ý
Þ
ß W � L(Θ),

J��
Θ æç

3 Ä
`
a
b λ, γ, B n �
� Ç X Sylvester
�
�
9
�

è � Q ' (Determinant Theorem)[19] � � (15) é 1ê
ë
Ã
1 Ä y
z
� log |Σy|

Î V
p
±
log |Σy| = log

∣∣λIML + DΣ0D
T
∣∣ =

log |λIML|+ log

∣∣∣∣INL +
1

λ
Σ

1/2
0 DTDΣ

1/2
0

∣∣∣∣ =

log |λIML|+ log

∣∣∣∣Σ
−1
0 +

1

λ
DTD

∣∣∣∣ + log |Σ0| .

(16)

�
(15) é�1 ê�ë�Ã 2 Ä y�z�� yTΣ−1

y y ¯�° Î
V
p
±

yT(Σy)−1y = yT(λI + DΣ0D
T)−1y =

1

λ
‖y −Dux‖22 + uT

x Σ−1
0 ux,

(17)

J�� ± 



ux =
1

λ
ΣxDTy,

Σx =

(
Σ−1

0 +
1

λ
DTD

)−1

.
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(16)
_��

(17), ¯�°�Å � L(Θ) � 9�y�Ë� p
±
L(Θ) = log |λIML|+log

∣∣∣∣Σ
−1
0 +

1

λ
DTD

∣∣∣∣ +

log |Σ0|+
1

λ
‖y −Dux‖22 + uT

x Σ−1
0 ux.

(18)

>��
Ç X � (18) ¯
°
â�� G��
9
Í
��� Ä
`
a
b 9
%
&
]
^
I � [
\ g�	 V Ý
Þ
ß W � (18)

<�

�
Í
£ n� O EM (Evidence maximization) Û H Í £�

(17), Å � `
a
b B, λ
9
y
Ë
� Á
Â ¼
z ±

B ← 1

K

K∑

i=1

Σi
x + ui

x(ui
x)T

ri
, (19)

λ← ‖y −Dux‖22 + λ[K×L− Tr(ΣxΣ−1
0 )]

M×L
. (20)

/ � `
a
b γ
9
%
&
]
^
I C��� Q
à γi

� �
³ ©�ª�9�����I � ¯ c�F�� q�rtsvu 0�1 9 DOA, o
� I γ

9�%�&�]�^ -�����Û H�9�����I�¡�9
%�&
]�^� h ¤ ¥ »�� Q à Û HZ9 F Û���� ¥���� ���Z¥ é8 w I o
�
�
� G
H � O FP (Fixed-point) Û H
Í
£�
(18), Å � `
a
b γ

9
%
&
]
^
Iey
Ë
� p
±
γi ←

(ui
x)TB−1ui

x

L− Tr(Σi
xB−1)/γi

. (21)

p�à G���F Û I � O�Á�Â���� <�å V�`�a�b
B, λ, γ

9
%
&
]
^ ±
(λIML+DΣ0D

T)−1 =(λIML+(ΦΓΦT)⊗B)−1≈
(λIML+ΦΓΦT)−1 ⊗B−1,

(22)J��
Γ

∆
= diag(γ1, · · ·, γM ) n��� a� ���! 20

����9
MSBL Û H�9 � ( I ¯

É
Ê
Å � Á
Â � (
±
Ξx =

(
Γ−1 +

1

λ
ΦTΦ

)−1

, (23)

x = ΓΦT(λI + ΦΓΦT)−1y. (24)Ç X � (21)
9 ��� \ ¤ /
�
� 9 `
a
b 

�
å

V�"
' I Å �
9 ��# Á
Â
±
γi ←

Xi.B
−1XT

i.

L(1−Ξii/γi)
, ∀i. (25)

B ← B̃

‖B̃‖F

,
J��

B̃ =

N∑

i=1

XT
i. Xi.

γi
+ ηI, (26)

λ← 1

M×L
‖Y −ΦS̃‖2F +

λ

M
Tr[ΦΓΦT(λI+ΦΓΦT)−1],

(27)

J��
Ξii p
R
S Ξ

9 /�$ ©
ª n
2.4 ×�% TMSBL-FP Ô�Õ�Ö�&������ DOA

���
'�(
) »�* Ã

1 +-,/. ¯ � Ie� � � ! " # $ % &
Û H�9 DOA

c�F \ ¤ - [�\ Í�£ `�a�b λ, γi, Bi, ∀i9���IKd Å�0�1�2 9�g�h�i�j�Ò�Ó�=�> / svu 9�G��
$ c
F
I10�2
»�* '
( 9 É
Ê \ ¤
I / � � (6) 3�49 Í £ ¯ ° [ \ ° Â�5�6 <Z= >ZI �Z� O�7 ¤�8Z<9�*�: Ä \ ¤
I Á 8 1

¼
z n

;
1 <>= TMSBL-FP ?>@>A>B>CEDGF DOA H>I>J>K ;

3 LNMNONPNQSRST
��+ [Z\�U�V�W /YX Iej�Z à�[ * 'Z(ZÉZÊ 9

P �8 W Û H�9�} @ 8 n � U�V ��I Á�\ :�]�^`_�I
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