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Abstract A modeling method for irregular sound enclosure is proposed based on the Chebyshev-variational theory. A

rectangular space is firstly assumed to bound the irregular sound space and the sound pressure in the rectangular space is

expressed as triple-Chebyshev series. Next, the coordinate transformation is performed and the Lagrangian functional of

the irregular sound space is obtained. At last, the Lagrangian functional is solved under the frame work of Ritz method.

The acoustic characteristic equation of the enclosure is deduced and the eigenpairs are obtained. The accuracy of the

present method is validated according to the agreement between the present results and the finite element results for

an enclosure with curved surface. Furthermore, the acoustic characteristics of trapezoidal enclosure and enclosure with

inner groove are investigated. The results show that the mode shapes of trapezoidal sound space will change with the

increase of inclination angle and the natural frequencies (except the first order) of sound space with rectangular inner

groove will decrease with the increase of groove depth.
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p∗(r, ω)
[
∇2p(r, ω) + k2p(r, ω)

]
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p∗(r, ω)
∂p(r, ω)

∂n
dS = 0.
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p∗(r, ω)
∂p(r, ω)
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[
∇p∗(r, ω)∇p(r, ω) + p∗(r, ω)∇2p(r, ω)

]
dV.
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Tn(x) = cos(n arccosx), (n = 0, 1, 2, · · · ; |x| 6 1),
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[p (ξ, ς, η)]
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c2
0

−

[
2∂p (ξ, ς, η)

ωLx∂ξ

]2

−

[
2∂p (ξ, ς, η)

ωLy∂ς

]2

−

[
2∂p (ξ, ς, η)

ωLz∂η

]2
}

dξdςdη,
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mlmn,l′m′n′ =
LxLyLz

8ρc2
0

∫∫∫

V

Tl (ξ) Tl′ (ξ) Tm (ς) Tm′ (ς) Tn (η) Tn′ (η)dξdςdη, (18)

klmn,l′m′n′ =
LxLyLz

2ρ

∫∫∫

V

[
∂Tl (ξ)

Lx∂ξ

∂Tl′ (ξ)

Lx∂ξ
Tm (ς) Tm′ (ς) Tn (η) Tn′ (η) +

Tl (ξ) Tl′ (ξ)
∂Tm (ς)

Ly∂ς

∂Tm′ (ς)

Ly∂ς
Tn (η) Tn′ (η) +

Tl (ξ) Tl′ (ξ) Tm (ς) Tm′ (ς)
∂Tn (η)

Lz∂η

∂Tn′ (η)

Lz∂η

]
dξdςdη,

(19)
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y=−(x−Lx/2)2+Ly
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mlmn,l′m′n′ =
LxLyLz

8ρc2
0

∫ 1

−1

Tn (η) Tn′ (η)dη

[∫ 1

−1

∫ 1−(L2

x
/2Ly)

−1

+

∫ 1

−1

∫ 1−ξ2L2

x
/2Ly

1−(L2
x
/2Ly)

]
Tl (ξ) Tl′ (ξ) Tm (ς) Tm′ (ς) dξdς,

(20)

klmn,l′m′n′ =
LxLyLz

2ρ

∫ 1

−1

[∫ 1

−1

∫ 1−(L2

x
/2Ly)

−1

+

∫ 1

−1

∫ 1−ξ2L2

x
/2Ly

1−(L2
x
/2Ly)

]

[
∂Tl (ξ)

Lx∂ξ

∂Tl′ (ξ)

Lx∂ξ
Tm (ς)Tm′ (ς) Tn (η) Tn′ (η) + Tl (ξ) Tl′ (ξ)

∂Tm (ς)

Ly∂ς

∂Tm′ (ς)

Ly∂ς
Tn (η) Tn′ (η) +

Tl (ξ) Tl′ (ξ) Tm (ς) Tm′ (ς)
∂Tn (η)

Lz∂η

∂Tn′ (η)

Lz∂η

]
dξdςdη,

(21)
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x = Lx � ! P	" µ�U x = Lx # I	$%	&
ϕ � |'�'Æ'��ñ �	 P � x − y
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y=−x tanϕ+Lx tan ϕ,
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|

mlmn,l′m′n′ =
LxLyLz

8ρc2
0

∫ 1

−1

∫ 1

−1

∫ (ς−b̃)/k̃

−1

Tl (ξ) Tl′ (ξ) Tm (ς) Tm′ (ς) Tn (η) Tn′ (η)dξdςdη, (22)

klmn,l′m′n′ =
LxLyLz

2ρ

∫ 1

−1

∫ 1

−1

∫ (ς−b̃)/k̃

−1

[
∂Tl (ξ)

Lx∂ξ

∂Tl′ (ξ)

Lx∂ξ
Tm (ς) Tm′ (ς) Tn (η) Tn′ (η)+

Tl (ξ) Tl′ (ξ)
∂Tm (ς)

Ly∂ς

∂Tm′ (ς)

Ly∂ς
Tn (η) Tn′ (η) + Tl (ξ) Tl′ (ξ) Tm (ς) Tm′ (ς)

∂Tn (η)

Lz∂η

∂Tn′ (η)

Lz∂η

]
dξdςdη,

(23)

|�����
k̃ =−tanϕLx/Ly, b̃ = tanϕLx/Ly − 1

û�� ò
ó � [ F � �*)'< �	+	, î'�'� +�ú ò ó � #'m �
�.-	/	)'< � *	0 � x − y

� P � ��	1	2 �
Lx1,

Ly1, Lz1, 3 � � � *�+ � (lx0, ly0),
ñ�v +'ú ò ó =

^	<	~ p |	��T	6�V	B	��T�Y�Z	�	£ � �

|

mlmn,l′m′n′ =
LxLyLz

8ρc2
0

[∫ 1

−1

∫ 1

−1

∫ 2lx0/Lx−1

−1

+

∫ 1

−1

∫ 1

−1

∫ 1

2(lx0+Lx1)/Lx−1

+

∫ 1

2Lz1/Lz−1

∫ 1

−1

∫ 2(lx0+Lx1)/Lx−1

2lx0/Lx−1

+

∫ 2Lz1/Lz−1

−1

∫ 2ly0/Ly−1

−1

∫ 2(lx0+Lx1)/Lx−1

2lx0/Lx−1

+

∫ 2Lz1/Lz−1

−1

∫ 1

2(ly0+Ly1)/Ly−1

∫ 2(lx0+Lx1)/Lx−1

2lx0/Lx−1

]
Tl (ξ) Tl′ (ξ) Tm (ς) Tm′ (ς) Tn (η) Tn′ (η) dξdςdη,

(24)
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klmn,l′m′n′ =
LxLyLz

2ρ

[∫ 1

−1

∫ 1

−1

∫ 2lx0/Lx−1

−1

+

∫ 1

−1

∫ 1

−1

∫ 1

2(lx0+Lx1)/Lx−1

+

∫ 1

2Lz1/Lz−1

∫ 1

−1

∫ 2(lx0+Lx1)/Lx−1

2lx0/Lx−1

+

∫ 2Lz1/Lz−1

−1

∫ 2ly0/Ly−1

−1

∫ 2(lx0+Lx1)/Lx−1

2lx0/Lx−1

+

∫ 2Lz1/Lz−1

−1

∫ 1

2(ly0+Ly1)/Ly−1

∫ 2(lx0+Lx1)/Lx−1

2lx0/Lx−1

]

[
∂Tl (ξ)

Lx∂ξ

∂Tl′ (ξ)

Lx∂ξ
Tm (ς) Tm′ (ς) Tn (η) Tn′ (η) + Tl (ξ) Tl′ (ξ)

∂Tm (ς)

Ly∂ς

∂Tm′ (ς)

Ly∂ς

Tn (η) Tn′ (η) + Tl (ξ) Tl′ (ξ) Tm (ς) Tm′ (ς)
∂Tn (η)

Lz∂η

∂Tn′ (η)

Lz∂η

]
dξdςdη,

(25)

|K	L >	?�ò ó î�=	^	<	~
(17)

�	1	2�ò ó î�=��	T
6�=��O�GB û v�=��O�GB � ò ó ò����	�'î�C	���D�
��N � ò	�	§	¨	� ¤ �	Å � ï�ð�ñ�ò ó î�ò ù	J�û

3 ���������
	
�
3.1 ����������������

e�f���� N FON P x�y�� ï'ð'ñ'ò ó ����� 1
'

� û #�m ò ó % )�� � ��4 � Lx =4 m, Ly = 3 m
6

Lz = 5 m � )'< � �'
 �'��û ò ó N P � ö�� ) ¹
z ��� ø'µ�U <	� U y =−4(Ly−Ly0)x

2/L2
x+Ly

�
)	� ø ''�'Æ � � �	� P �� � Ly0 = Ly/2

û � ¯
� 2�� v N P ²���;��	� � û � ¡��	/�� [�� ' F 0� � � � ò ó � ��s�{�|�6�ò�z	��4 ρ=1.21 kg/m36

c0 =340 m/s
û

!
1 "$#$%$&$'$($)$*$+$,$-$.$/ !§

1 0�1 Z N N P x'y�� ï�ð�ñ�ò ó � L 2002 E F'H'I �  0�1 Z'[�� /'043�5 M.F�M Y43�5
� & W û � � � �.F�M Y ù�ú �46 �.�87 ¥ ).| �
0.05 m

û O�P�9;: � ²�� ö v 7 ¥ {�|	1�2 � F�M Y3�5�²�<�= � û v���� [�� 3�5�� � “
0 �

1”
2

“
0

�
4”
��4 & 0 + �'ò���>�? � � �	� 8, 9, 10, 11

û
ö §

1
�'A'� [�� 3�5�[ F�@�A � <�='z'|'�CB MF�M Y�3�5�D �FEHG�û$).o�*�+ � @4I � ò.�'�.�>�? � � ¤ �'1'2�J�K4L'] � 3�5 û � F�M Y ù�ú�NM ��D

291183
��O	� �

276000
� ��Y	�G¿	0 �

4& 0 � p |	6�V	B	��T g � � 1728
û � ¯ � 2	� [<	=�'	1	C��	��T g ��P�Q û �

2 0�1 Z	� 2
2 6

�
200

2 ò ó�ù'J � & W 3�5 û � ¯ � 2 [�� 3�5M�F�M Y�3�5�5�K�R G � D ��û v	�	�S� 2 T � � 22 ò ó�ù	J	� +�� � (0,0,1)
ù	J �� ° A	� & 0 ���º EGF�H�I��

34 Hz
û � ¯ � 2�� [�� /�0�3�5 M��º�3�5�² ��U � ûWV � �D��T�X X 3�5 T � Z	[ <= � <�='^'� [�� 3�5 M.F�M Y43�5.6'�.º4Y�Z �[�\ X	Y	Z	[�� /	0�3�5 � �	]	^ û

]
1 "$#$%$&$'$($)$*$+$,$-$^$_$`$a

b$c d$e$f$g _$h$ij$k l$m
1
l$m

2
l$m

3
l$m

4
f$g

1 0 0 0 0 0

2 34.00 34.00 34.00 34.00 34.00

3 46.46 44.88 46.46 46.46 46.46

4 57.57 56.31 57.57 57.57 57.57

5 61.61 63.94 61.61 61.61 61.63

20 119.18 120.38 119.16 119.16 119.21

40 163.39 162.66 163.27 162.84 163.37

60 189.99 191.33 189.21 187.14 189.80

80 220.43 217.19 213.05 212.39 212.79

100 238.61 236.95 231.44 230.53 231.70

120 257.36 254.35 249.59 247.08 247.23

140 274.75 270.11 269.23 263.24 264.29

160 291.73 286.35 282.19 276.97 276.65

180 312.05 302.11 297.78 292.62 291.55

200 330.68 317.32 313.10 304.09 301.33
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(a) � 2
j

(b) � 200
j

!
2 ,$- b$c���� ! ( ����� d$e$f$g��
	 ��� FEM

f$g
)

3.2 ������������R ������ ¹���� ������ �����  P ��!���"#'Z �$� >'? �$%$& ^$' [�� �$($) R �$�$�  P� ��� ,�� & ����=�^ � (�*�' R ����� � o �����
3
' � ' # ����� � � ��+ � � � Lx =2 m, Ly =2 m,

Lz =2 m
6

a0 =1.5 m
'�,���	�	�	� � >�? � ��

6
'  P �� ~	|.- � � α

§ � �  � (22)
6	�

(23)
�

ϕ=90◦−α
'0/ � � � ,�I	�01 � , R ���

� Lx

T	� ��6 ���+ �23 � ,'4-�v	�	A	�
α �|5�Q   P �� ~	|5�Q'

!
3 6�7$,$-$.$/ !§

2 0�1 Z , �	�� � I R ��� L 5
2 �8EGF�H�I � ,���9�:�� �O�XN�;�¦�3�5 ��& 0 � F�MY�3�5'</

α
�

0◦
I	� R= ��>	� �?= ��	�

�
(0,1,0), (0,0,1)

6
(1,0,0)

2$@'J'& 0 H'I � �'ºT	��4 �
85 Hz, 85 Hz

6
113.33 Hz

'$-�§	�	A	� §
� L ��2 /'0�3�5 M �'º�3�5'²�D � � ' ��/ 2 A

1 ZBC	&	R= �� @	J �D "	<	�E ¤ � α
�

0◦I � ?= �� @	JF � & 0 [�\ α �8 I � R= �� @�J ' � � v [�\ <���ED��G�§O� L ��2@�J ��4t �
(0,1,0), (0,0,1)

6
(1,0,0)

2�@�J 'u� ¯ � 2�EH/
α IJ"K IE R= �� � (0,1,0)

2 �
(1,0,0)

2@
J	& 0 � H	ILMNOPQ E¿R (0,0,1)

2@	J	H
I 2�3 � ,�' ) ²�½ �

α ��"�K�S 1 Lx

, )�E  �B
]

2 6�7$,$-$^$_$`$a
T�U

α

b$c$j$k
1 2 3 4 5

0◦ 85.00 85.00 113.33 120.21 141.67

2◦
84.98 85.00 110.71 120.19 139.58

84.99∗ 85.02∗ 110.76∗ 120.22∗ 139.63∗

5◦
84.85 85.00 106.89 120.10 136.57

84.96∗ 85.02∗ 109.00∗ 120.19∗ 138.23∗

10◦
84.23 85.00 101.13 119.66 132.11

84.24∗ 85.02∗ 101.16∗ 119.69∗ 132.14∗

15◦
82.77 85.00 96.54 118.64 128.63

82.79∗ 85.02∗ 96.56∗ 118.67∗ 128.66∗

20◦
80.06 85.00 93.51 116.77 126.37

80.08∗ 85.02∗ 93.53∗ 116.80∗ 126.40∗

30◦
71.77 85.00 91.04 111.25 119.14

71.78∗ 85.02∗ 91.06∗ 111.27∗ 119.19∗

45◦
57.23 85.00 90.08 100.78 102.47

57.24∗ 85.02∗ 90.10∗ 100.84∗ 102.49∗

60◦
41.44 74.85 85.00 89.62 94.56

41.44∗ 74.83∗ 85.02∗ 89.62∗ 94.58∗
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(a) 2◦ (b) 10◦ (c) 20◦

(d) 30◦ (e) 45◦ (f) 60◦!
4 6�7$,$-�� 3

j$b$c !
 P �!	�S 1 x � � @	J 6 y � � @	JNO ,	�
(
���

4
' �

),
½	¿ ± U R H	INO�� ,$'$1��E α

� ,'� �	� ,$�$� � z � < � � �	� 1	2$E½'¿ &<
z � <O� � @�J � H�I�E (�*�'Dv���E α

N�O Q �| � ,'��I$E R E F'H'I 1 & ?$= �$� & 0 H.I ,� @ Q�'D½�v�E�� � ?�= ����=�^ & Q � � R�= ���(	)��	4	^	���	²	�	) � '$G L�+ α
,	� �"K E�	 P �	 ~'|', K E R$= � � H'I N$O.Z T����,	�'C�

4 0�1 Z α � |	,	��I�W R= �� �	��2@'J�� �$'$O�P�9F: � ²$E α
�

60◦
I � � � & 0R ��	�2@	J '� ¯ � 2E / � � @ Q�I (α<10◦),R�= ��� @�J�M

α
�

0◦
I � ?�= ��� @�J�·�
 ' L+�� �IJ" # E R= �$� @	J - α = 2◦

I � 
��
(1,0,0)

� @'J I$J� ��� α = 60◦
I � 
�� (0,1,0)� @�J ' A�C ) :�� F 0�1 E G � ��" # I R�= ����B�2@	J K.-

α=2◦
I � 
�� (0,1,0)

� @	J IJ
 ��� α=60◦

I � 
�� (1,0,0)
� @�J '0-Gv���A�E

� ��� ,'�$G &'M	�	 P�� µ � x − y
� P�� �	�� @�J ��R H�I���O (�*�' V � EWQ � � R= ��� HI � @'J'M$?$= �$� H'I � @.J'·�
 E½.¿$R�='^

� � ?$= �$� ='^�! 
�� ' �	 P � !'� G & < +M R � µ � � P�� � U < � � @'J �$R H'I��$O (*E R= �� @	J K L�� �"K ¿ I�� NO  ,'
3.3 “ � ” �����������7	3 e	fB��

“
+

”
� ��E<R����������

5
'

� '
“
+

”
� � � ��.-N� � � ��� )�� ��+�,��R'� � )�� ��� Æ$' )�5 �$� �� �!�"$#�%�&�� E' � -$($��) ��*�+��-, � � �$'$1�.�/�0�1�2�3

4 �$ �5 �76�8 � �$�$E:9$�$� �$%$&�;�<�=�> R����? � < ���@�A�B�C'ED�F “ G ” H�I�J @�K�LM�N�O�P�Q
Lx1 = 0.3 m, Ly1 = 0.4 m, Lz1 = 0.5 m,

Lx2 =0.1 m, Ly2 =0.2 m, Lz2 =0.3 m, lx0 =0.1 m R
ly0 =0.1 m S:T�I�J�I�U�V N @�W�X�Y N � 18 S

Z
5 []\]^]_]`]a Zb

3 cedefegih �j? � <eGekelemeneoep
0.15 m, 0.3 m, 0.4 m, 0.45 m R 0.5 m q “ G ” H�I�Jr�sutv3�w�x�@�y�z�{�| S�}�~�������guh ��? � <
G�k�l�m�p 0.5 m q�� 9 “ G ” H�I�J y�z p “ � ” H
I�J�S:��p . '���� �:������� ? m�p 0.01 m q @3�� � ��� > b "v����������S�}�~���������� ���� 3�� � �������u�v� S�� b }�����I�J @�������wx�� G�k�l�m @��� �¡ =�d�¢�£�¤�¥ �� �@�y�z�¦§ S�¨ 9�© 5���I�J @�ª�«���w�x�¬�� G�k�l�m @�� ��®�¯ £�¤�S:° 6 c�d�f 4�± G�k�l�m�²�³ P G
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H�I�J ����� R ����� ���S�}�~�����������G�k�l
m O L ��G�H�I�J����������I�J������<������! 
d�=�f�I�J"#�#��<�n#$ 4 ¬#% ��I�J"#�#&#'"(

> y�z�@�{ ��S�) C � ?�* <�G�k @�A�B�+�,�- ��.
�#��I�J @ #�#/#0 y�z#1:�#2 h3'7G�k�l�m @��  �:I�J «���w�x ( ¨ ����� 5 )

®�¯ £�¤�S
4

3 [65]\]^]_6768696:
;6<6=6> [6?6@6A (Lz1)

0.15 m 0.3 m 0.4 m 0.45 m 0.5 m

1
347.38 331.62 329.28 333.37 340.00

346.88∗ 330.87∗ 329.03∗ 333.36∗ 340.06∗

2
404.00 383.66 372.71 366.69 359.61

403.27∗ 382.33∗ 371.17∗ 365.47∗ 358.28∗

3
490.16 435.61 416.16 405.23 387.41

486.32∗ 431.02∗ 411.46∗ 401.87∗ 383.95∗

4
527.07 521.04 512.10 504.44 494.89

526.43∗ 520.56∗ 511.40∗ 503.74∗ 493.97∗

5
624.26 613.90 578.27 551.59 515.45

623.79∗ 613.05∗ 575.72∗ 549.27∗ 512.89∗

10
790.84 783.20 774.51 771.81 769.23

790.61∗ 782.59∗ 773.94∗ 771.46∗ 768.80∗

30
1345.8 1353.5 1356.1 1344.0 1345.4

1346.5∗ 1352.5∗ 1354.2∗ 1341.5∗ 1346.7∗

50
1700.0 1700.0 1700.0 1708.9 1733.7

1704.3∗ 1704.3∗ 1704.4∗ 1712.7∗ 1737.7∗

(a) B 1
=

0.15 m (b) B 1
=

0.3 m (c) B 1
=

0.5 m

(d) B 2
=

0.15 m (e) B 2
=

0.3 m (f) B 2
=

0.5 m

Z
6 C6D][6?6@6A6E][]\]^]_6B 1

=6F B 2
=6;6<
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4 ���
������d ������/ Chebyshev-

y n�	�
 @�r���#�#	#
#� I�J �# * ����� * � 4��� � /�2�3������� @�� ��I�J�� �������������3�� � ~#�2�3 h3'7G�k @�r#�#�#�#	 I�J t$3 ��;�S�� * ��� �! r#�#�#
#� I�J @ �#��I�J @ I�U�V N�"�#,�$�%
Chebyshev

Y N ��&�'�(�) * � ����*�+ �y�, ¥ @ I�J.-���/1032�V���4 �5 ��I�J @�t$3w�x �����S .6� � I�J87 � ��I�J���G�H�I�J @ut3 ��;�n�� b:9�Q
(1)
.�� ��I�J @�;�< b=9>�.? @ y z + .�@2 � ������A�B @ ��� hDC�E *�F @ #�#� � w�xG 0�H�I�� � ��I�J #� +��#2 ��? @���J��®�KL�y S

(2) M�G�H�I�J @8;8< b69 h ' ?�* <�G�k @�AB�N�O G�H�I�J"#�#��P#� @ �#��I�J"#�#��<#�
�� �&�'�(�>8Q8R 1���2 h '�G�k�l�m @���  ��I�J������t$3�w�x ¢�£�¤�¥ ��  �  ��S ª�«���w�x��®�¯ £�¤�S

(3)
� � I�J�7 � ��I�J���G�H�I�J @�T�U ���

� M�V ���������$� � b=9 � * � 2�3 �$� @�T�UW m�� � � /�r���� I�J t�3 ��;�X�Y�S
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