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Abstract A numerical method is proposed for analyzing the Acoustic Radiation Modes (ARM) of a plate-cavity

coupled system based on the energy principle. In present method, the relationship between the sound pressure mode

amplitude and the structural mode amplitude is constructed through the dynamic equations and the ARM is obtained

by expressing the acoustic potential energy as a quadratic form of the structural mode amplitude. Compared to the

previous theory, the present approach makes up the shortcomings in case of the acoustic cavity is an impedance wall or

the structure-acoustic strong coupling. The accuracy and precision of present method are validated through numerical

examples. Then the effects of wall damping and structure-acoustic coupling conditions on the characteristics of ARM

are investigated. The numerical results show that the ARM radiation efficiency curve will peak at the acoustic mode

frequencies. The peak value can be effectively suppressed by introducing impedance-walled boundary conditions, and the

more pronounced the amplitude decay with the impedance value decreases. Specifically, the amplitude of the acoustic

potential energy at the peak frequency of ARM radiation efficiency curve will decrease; Under strong coupling conditions,

the acoustic potential energy response in low frequency is mainly motivated by the structural mode, and the response

peak density is higher, and the amplitude is lower. The ARM radiation efficiency peak number is less, and the peak

frequency is higher in the same bandwidth low frequency.
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– �������������������������� �!�"# ��$�%�&�'�(*)�+-,�.�/�0�132�4�5�6-4�7-8�(:9;�<-=�>�?�@�A�BDC�E ��F-G-H BJI-K�L-@�M-N�
���O�OPOQOROS �OTOUO�OVOWO�O� AYX[Z �O�]\O^O_`OaOb (dcOe @OAOfOgO� 5]6Oh]iOj]T Z �]^]kO�l-m�n�o (�p�q � – �����������-T�U-��V-W Z ��r

G-�-s-t-�-�-7-8-j-u-v-w-�-x-y-z-{ N| `�} ����p�q�~�� (ASAC) ����T�U } � Z �
� |�� p�q�����(J��.����� �!�7�8������-4 [1−5]

N
. | `O} �O�OpOqY�[(d�]V]WO�]�O�]�]�O�]�]�O�
������(*��� } �����3���������-����(������-^������� b�� ��V�W������� ���¡�¢�(¤£���¥�¦ } ��V
W���§�¨���©�T N ��V�W�������ª�«�¬ � � } ��� |` p�q n�­�®�¯ ��°�±�(¤u���² X�³ ������´���)�+
v�w [6−9]

N ��V�W�������µ�¶�·�¸ 
 Borgiotti [10] .
xOy �O�O¹YºY»[
[¼ VOW Z �O�O½O{O¾ nO¿ (dÀOÁÂOÃOÄO®OÅ 4O�OVOWO�O�OpOq �O�O¹ } �O�]½O{O�
�O� �ON Snyder

M
[11] Æ »[
[¼ �O�OVOWO�O�OÇOÈÉ )�� � – ����������� } �-� | ` p-q3�Ê(�Ë-Ì�Í® | ` p-q-� K Ç NÏÎ ²-Ð M [12]

Å 4-�-V-W-�-�-ÑÒ ® �O�OÓOÔOÕOÖ � | ` p]q]�O%](dË]× | ` pOq
����Ø�Ù�Ú�Û B p�q�Ü�Ý B Ú�Û�Þ�ß-à M ½�{�á-â ®ãOä Ã y N á b ÂOå (dÀOæOç 13 5OæOç 14 Æ �OV
W]�]�]Ç]È]�]4]�]è]é � – �]�]�]�]�]� } �]� |` pOqY�[(dÌOÍ ® pOqOÜ]Ý]5O�]�Oê é]×Op]q �Oë
��ì�í�(*î ¿ .�T�U�ï3ð X (*��ñ�ò-��t-ó � �-V�W
�-�-ô-ç-�-�-�-�-£-�-õ-�-ö-÷-�-p-q �-ë-N HesseM

[15] . Å 4-�-V-W-�-�-á-â } �-�-p-q-¾-î ¿ ( �
– ����������� } ������ø-ù-ú��-û-õ�(Jü�ý-q ® �
VOWO�O�OÇOÈO�OþOÿO�]4 N � ®���� ü]�Oý]q�� n¿�� 4O�O�O�O.O�O���OªO���Oì É�� �OVOW]�O�O(	 ñ R äO} �O�O�OøOù](dË�
�� | ` p]q���
]þ��® �

– �-�-�-�-���-U�� Z �-�����-p-q N . Hesse

 -�-�����-ª-(������ M [16] � Ç-È-ª��-« ®�� 4-�
�O�O.O�O���OªO���Oì É�� �]VOW]�]�O�����](�� �-ý-/ � – ��!-�-����� N . �#"-'-�-æ-ç �Ê($�| � � – �]�]�]�]�]�]�]V]W]�]�]� 
&%]��'�( �
�O� É���) _O( 
 / %O��'�( �]�O� � 4�*�+�,�-é�.�/O(dÀO. } �O�O�O���]��0]��1�2 '�( ª],O.
Gibbs �43�(65 )4 �g 4�/���� '4( � %���73X98�:; � Õ�< ��!-�-�-�-� [17]

N ×-/ C-< } �-�-p-q )= (?>4>�� | ` p�q�5 	 ` p�q4@ } ��(�. 	 ` p�q
�[( R ä � 8 1�2 '�( �OpOqY� o U�A Z �O� |O�

����(B�4142 '4( � R ä �4C Ú��-�4D � – ��!��-�
�O�O�O�OVOWO�O�OÇOÈ Æ l�E g 4](�F ³ . <]= 7
83��(�� X ��Ú4G :4; ��r�� } � – �4H-���-����I
�4>4J N 54F4/4.������4142�K4�-�40 } � – �4H�!
�O��L g 4O�O�OVOWO�O�]Ç]ÈOx]y × � – �O�O�O�
�-�-T-U-V-W Z �-p-q�M |�N ^-��O�P NQ�R _](��]/]��S�T]Ç]�]Ñ]�]�]�]þ�� ® ×�M| b�U 1�2�K��]� � – �]�]�]�]�]� } �]í]�]��0
�O�O¬ ��V�W ��X�Y [18−20]

N�Z æ�[�\�]�^�S�T�_`�a�b�c�d�e�f�g�h�ikj�l�m�n�`�o�p�q�r�s�g�t
u�v�w�x�y�z�{�| f�}�~���������f�}�~�������g� c�l�t���� {�� ^������ ����f�}�~���g�������4� l y4z4�4{4� �4�4�4�4��� ��� – {��4� a4b����� ] g {���� f�}�l�m�n��� �¡���¢�£�¤���¥�t¦ `¨§ª©�« � Z�  _�¬ w�x g�­�W�®�l�¯�`�a�b�cd�g {���� f�}�°�®�t ¦ ��±�²�³
1 ´¶µ¶·¶¸¶¹»º»¼¾½»¿
1.1 À�Á�Â�Ã�Ä�Å�Æ�Ç�ÈÉ�ÊÌË&Í�®�Î

– Ï � ��Ð ��Ñ�g�a�b�c�d�l�ÒÓ
1 Ô�� l�ÕÖË#×�Ø�Ù ±�Ú � Lx, Ly, Lz

g Ï � �
� Õ�Û � g�Í�®�Î�Ü�Ñ�l�Í�®�Î�� {�� ����g�Ý�Þß \�] Í�®�Î�à�á Γ

g�â�ã�Í�ä�å�æ
b
��ç�è�Í�ä

å�æ
B é f�ê�l�m�n���â�ã�Í�ä�å�æ���ç�è�Í�ä�åæ4ë4ì � 0 í ∞

ß4î4ï4ð4ñ4ò g4à4á4ó4ô4Ü4b
[19] ³

Ï � � g 5 õ¨öª������������� l�` ������� c�÷g ï�ø ��ù ø t ¦ ë�ì ß�î f�ê ñ�ò g ��� { q�óô
[21] ³ Í4®4Î [4úüû9ý4þ p f

g4ÿ ]�������� o4¯
û {�� ö ������{ l ò � {�� ö {�| ÿ ]�� Í�®�Î��	�
�����g � o�l�Í�®�Î�� {���{��
��� ÿ ] �Ñ�Î

– � a�b�c�d ³���� ^�����_ l {�� ��Í�®�Î�g����������÷ ß ±�Ú ����� [19]:

Lc = Uc − Tc − Wwall − Wd2c, (1)

Ld = Ud − Td − Wf + Wc2d, (2)��� l
L, U , T , W ±4Ú �4� ���������4÷� � ^  o

^ ��!�"�l ��#�$ c
�

d ±�Ú `�% {�� ��Í�®�Î�l
d2c ��� Í�®�Î � o�` {�� g�ÿ ] l c2d &���� � ö{���{�| `�Í�®�Î�g�ÿ ] l f ����'�ý�þ p�`�Í�®�Îg�ÿ ] l wall ������� à�á�` {�� g�ÿ ] l � (1)

�
�

(2)
� g���÷�(¨Ë � ö {���{�| p

��Í�®�Î�)�ã
w y4z l Õ�* Ð g ��+ � [�,�- 1

�/.�0 ³ [ y4z4{� �4Í4®4Î4g����������4÷�14l ß \4] Rayleigh-Ritz

ú�2�3 b���g�4���÷�`�Õ�t ¦�5�6 l Ë � Legendre7�( ��8�9
L2 ö;: ­�<�®�l ^�=�>�? e�f�n�s�lA@
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J�H�I�K�L
[20],
Z�  2�3�M 7�( � `�a�b�c�d�g���������4÷4t ¦�5�6 ³ON�P�Q�R g�S4l Ë � Legendre7�( � S [�T � [−1, +1]

j�U�V�lXW M�[�Y�] Õ 56 �����Z�[��÷�� N t ¦�\ $�]�^ l è ^�_ 1�g \
$ 8�9 G

α =
2x − Lx

Lx

, β =
2y − Ly

Ly

, γ =
2z − Lz

Lz

. (3)

`
1 acbcd – ecfcgchcicjckclcm `��� Rayleigh-Ritz ú l � ö {���{�| p

ß Ë {
| f4}4~4� û/� P

� {4| 4��4÷ û/� ΨT(α, β, γ) �
� l Í4®4Î�)4ã w

ß Ë9�4�4f4}4~4� û/� V
�4�4�

4���÷ û;� ΦT(α, β) ��� lXn G
p(α, β, γ) = ΨT(α, β, γ)P , (4)

w(α, β) = ΦT(α, β)V , (5)�o� l {�| 4���÷ û;� ΨT(α, β, γ)
������4���÷ û

� ΦT(α, β) ±4Ú Ë/p�q Legendre
7�( ��r ÷4�4��q

Legendre
7�( ��r ÷�s�t G

ΨT(α, β, γ) =

lmax
∑

l=0

mmax
∑

m=0

nmax
∑

n=0

Pl(α)Pm(β)Pn(γ), (6)

ΦT(α, β) =

jmax
∑

j=0

qmax
∑

q=0

Pj(α)Pq(β). (7)

� �
(4)—

�
(7) u�v�,�- 1

� y4z ���������÷�w���÷�(�¯ ��� Rayleigh-Ritz ú l Y {�� ��Í�®Î�g������Z�[��÷ ±�Ú ` {�| f�}�~�� ûx� �����f�}�~�� ûx��y�z ��l ß y�z�{�� ��Í�®�Î�g�c�dr�s G
KcP + ωZc − ω2McP + ω2Cd2cV = 0, (8)

KdV − ω2MdV + Cc2dP = F , (9)

� �
(8)
� �

(9) {�_���Ï�| ��� l y�z Í�®�Î
– Ï � � a�b�c�d�g�o�p�q�r�s G
[

Kd − ω2Md Cc2d

ω2Cd2c Kc + ωZc − ω2Mc

] [

V

P

]

=

[

F

0

]

.

(10)�o� l
K
�

M ±�Ú � å�æ Ï�| ��} ��Ï�| l C �a4b4ÿ ]4Ï�| l Z �4�4�4Ï�| l6Õ ��#�$ g�~�V4� _  u�� l F � ÿ ]4[ Í4®4Î4j4g '4ý4þ p û/� l ω �
#�� L4l�w Ï�| ¤��4g�* Ð H�I � [�,�- 2

�/.�0 ³
1.2 ������Ç������` � Í�®�Î�� Ï � � ��Ñ�g�a�b�c�d�g���� {����l 2�3 {���{�� ^ ÿ ������������& [12] :

E =
1

4ρcc2
c

∫∫∫

V

|p(α, β, γ)|2 dαdβdγ. (11)

� ö {�| ß Ë {�| f�}�~�� û;� P
� {�| 4��÷ û;� ΨT(α, β, γ) ��� lXW M ß � {���{�� ^ t uv ������G

E =
LxLyLz

32ρcc2
c

∫ 1

−1

∫ 1

−1

∫ 1

−1

(

ΨT(α, β, γ)P
)∗

(

ΨT(α, β, γ)P
)

dαdβdγ,

(12)

��� l
∗ �ü����� ³ Ë � s�t {ü| 4��ü÷ û�� g

Legendre
7�( ��8�9 ­�<�®

[22],
n G

∫ 1

−1

Pl(α)∗Pl′(α)dα =







0, l 6= l′,

2

2l + 1
, l = l′,

(13)

W���l �
(12)

ß >�?���G
E = P HΞP , (14)

�o� l$j #�$ “H” ������� è�ì�l Ξ � ` #�����Ï
| ³ Õ�` # ¤��

Ξ(lmn, lmn) =
LxLyLz

4ρcc2
c

lmax
∑

l=0

mmax
∑

m=0

nmax
∑

n=0

1

(2l + 1)(2m + 1)(2n + 1)
.

� u r � l Ë&Í�®�Î – Ï � � a�b�c�d�g�o�p�q�rs
(10) � ±�� Ï�| g 5������ [23] ,

����f�}�~�� û
� V

� {�| f�}�~�� û;� P
ß w�x ��G

|

V = [Kd − ω2Md − Cc2d(Kc + ωZc − ω2Mc)
−1ω2Cd2c]

−1F , (15)

P = −(Kc + ωZc − ω2Mc)
−1ω2Cd2c[Kd − ω2Md − Cc2d(Kc + ωZc − ω2Mc)

−1ω2Cd2c]
−1F , (16)
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Ë �
(15)
� �

(16)
ß�î�� 0 l {�| f�}�~�� û

� P
ß Ë#����f�}�~�� û;� V ��+ lXn G

P = −(Kc + ωZc − ω2Mc)
−1ω2Cd2cV , (17)�

T =−(Kc + ωZc − ω2Mc)
−1ω2Cd2c,

¯���j � u
v � (14)

ß y�z G
E = V HT HΞ TV = V HΩV , (18)�o� l

Ω =T HΞ T ������������Ï�| lXn�� {���{� ^������ ����f�}�~�� û;� V
g������ ��� ³ Ë

��������Ï�| g�U�V ß�� l Ω � Hermite Ï�| lX�W � {���{�� ^���� ­�l Ô î Ω � ­�U�g Hermite

Ï�| ³ ` Ï�| Ω
t ¦ °���� ± 6 G

Ω = DADT, (19)��� l
A � (jmaxqmax×jmaxqmax)

q4°��4�4` #�| l Õ` # ¤�� λi (i=1, 2, · · ·, jmaxqmax) � Ω
g4°��4�4l¡ 

¢ � � { � � f }£K£L ³ D � (jmaxqmax×jmaxqmax)
q

°�� û;� ­�< | l Õ�¤ û;� di (i=1, 2, · · ·, jmaxqmax)��°����
λi
u�u `�%�¥�¤ û;� ��� ��� ­�<�l9��Ñ� ����f�}�~�� ûx� g u Ü�­�< h�lXn � a�b�c�dg {���� f�} ³t u�v�¦ l�� � (19) u�v � (18),

ß�î y�z G
E =V HDADTV =(DTV )HADTV =yHAy, (20)�§� l

y � {���� f�}�~�� ûx� l Ë � A � ` #�Ï
| ³ j � ß t u�v�¨ ��G

E = yHAy =

jmaxqmax
∑

i=1

λi |yi|2 =

jmaxqmax
∑

i=1

Ei, (21)

�o� l
yi ��© i ª {���� f�}�~���l Ei ��© i ª {��� f�}�«�¡�g {�� ^ ³ Ë � (21)

ß�� l�a�b�c�dg {�� ^ ß ����� w ª {���� f�}�«�¡ {�� ^ g�¬
� ��l�Ë � {���� f�} di

��� ��� ­�<�l Ô î w ª{���� f�}�«�¡�g {�� ^ ����­�® l ï�ð � a�b�cd {�� ^ g 6 a ³
[�¯�] {���� f�}�e ® a�b�c�d�g�¢�°�����f����l N�P�± � ����g úÌû²��³�é�´�y {�� ^ î ÿ

� ¢�°�����g ������& lXµ�ë·¶ � ��� � nm õ�¸¹�º�g ú¨ûx��³¨ûx��� vm,
ò � ��� � (5) � )�ã

��³ � c ß � úÖû;��³�������G
vm = jωΦT

mV , (22)�o� l
j=

√
−1, ΦT

m � � nm õ�¸ ¹�º�)�ì � � g��q
Legendre

7�( � Ï�| l²q�æ � (nm×jmaxqmax)
³t u�v�¦ l {���� f�}�~�� û;� ß Ë#��� ��¸ ¹�º

)�ì�g úÖû;��³Öû;������G
y =

1

jω
DT

(

ΦT
m

)+
vm, (23)

��� l¼»4�4� ����³ ± º4÷ nm =jmaxqmax

�4l
(ΦT

m)+

��� ΦT
m

g � lX»���� ����³ ± º�÷ nm 6=jmaxqmax��l
ΦT

m

ñ � r | l (ΦT
m)+ ��� Õo½ � ³ Ë M l [ ±y ��� ����¸ ¹�º�g úÖû;��³ 1�l�m�n � (23)

ß y
z�{���� f�}�~�� ûx� lX¾�n�°���� ��� 1�n ß ´
y a�b�c�d�g {�� ^ ³
2 ¿ÁÀÁÂÁÃÁÄÆÅ»¼
2.1 Ç�È�É�Ê�Ë

� � ©
I
Ìk kr ú g �
Í ®kl 2
3  k¡ 16
�

g Í ® Î
– � Ð a b f � t ¦ ± ² lªf � � uÏÎÏÐ

Lx×Ly×Lz = 0.868 m×1.150 m×1.000 m
g Ï � �Ð l�Õ�Û ����Ñ æ h=0.006 m

g�Í�®�Î�l�Î�g�Ò�æ
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ê h�{�����i } ��� K�LIj�Ì ñ ]�k ì�  6Il ��{��H ãxä L�ó v�������� à�á�ó�ô�1�m�L {���i }
� L y�z @ � h � W ³
2.3 n�o – ��À�Á�p�q���Ê�Ë������

L�Î
– �IdIeIfIg2r k G � � ò Î�Ð ��÷ hIi� k �4� – {�d�e ó4ô�s P Ë � ö {�t�u Ú }�v�U kÉ4Ê � ö9� Ò4æ ρc =1000 kg/m3, { ³ cc =1500 m/sh þ Ú } h Ùxw k M � Í4® Î4� �4Ð � Ñ �xd�e ³ Ó 8
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�%
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@ z k G � ��d�e ó�ô k {�����i } h��� K�L ãxä é�L {��Ii } � L�ê ����ë � ³ »�Í®4Î4� �4Ð4��d�e � k Ë � � ö/Ú } h�8 ]�k {���i} � L�é�J4Ù kB� ����� �4� – {�d�e ó�ô ]�? G {����i } ��� K�L h 	�
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.�0 � 10∼1000 Hzh _ 6 ª {4�4��i } �4� K�L k ß4î�� 0 k G � �4�
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`
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3 Â¶¼
Ì� 2����Î

– �IdIeIfIgIh�{����Ii }�H�II�� k:��� G d�e�f�g������ y�� h���������� k �����H ��������� i����I��hI I¡�¢I£I¤ k @ 0I¥ �ç�j � H ����¦ h ��§I¨ iI� H�IIyI© k4ª yI©�«m�¬�}�­�®�¯�°�±�²�³ h�´ – µ�¶ e�f�g k¸·�¹ H�º¯�»�¼�½ ����¾ ��¿~À�Á�Â�ÃIÄ�ÅI��§I¨�Æ ��Ç4ÈÉ�«IÊ�Ë�Ì�Í���§�¨�Æ �IÎ�ÏI�IÐ ¥IÑ�Ò Ç4ÓIÔ Å
Õ�Ö�×�Ø|ÙzÚ�Û�Ü�Ý�Þ Í�ß

(1) à ­�á�â�ã ¦�äæå�ç ¥�è µ�é °�±�²�³�ê Ü
��¾ è ¿�À�Á�Â�Ã�ë�¬�ì�Å è §�¨�Æ � ¼�½�í�© äî�ï�¥ É�Â�Ã�ð�ñ è�ò á�Å�¯�»�ó�ô Ç

(2)
É�­ ´ – µ Á�Â�Ã�Ë�Ì ä4õ|ö ­ è µ ë é�÷Ï ²�³ ä °�±�²�³�Å�ø�ùIúIû�ü è §I¨IÆ � §I¨�»ý�þ�ÿ ��� Å ��� ä È ¹���� °�± � Å���� ä �������»	�	
���
 ä ®	�	� ï é è�ò á����Iþ�§I¨I»�ý

ÿ�����ý ��� ��ú�Í�û ä4·���� ��ý ��� «�� Ç
(3)
É�­ õ Ê�����Å ´ – µ Â�Ã�Æ�� ä À�Â�Ã�ËÌ�Í�ü	�	��Å è�ò á	�	� Õ�Ö� �! Ï�´ Ü	" Æ$#	%& ä ����ÿ���'�(�)�* ä � ��)�ü Ç þ�«�Ê Ü�" –

è
Â�Ã�Ë�Ì�Í ä è §�¨�Æ	#I§�¨I»Iý�ëIú�þ è µ Æ$#��ý �	+	, ÿ	� ä.- À�ÂIÃ�ËIÌIÍ  ­ è µ Æ	#$�ý	/�0-þ�Â�Ã�ð�ñ�Å	*$�	� ä þIü	�IÊ	�$1IÍ�§I¨»�ý2�3��ÿ���4�)�5 Ç
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Uc =
1

2ρcc2
c

∫ Lx

0

∫ Ly

0

∫ Lz

0

p
2dxdydz, (A1)

Tc =
1

2ρcω2

∫ Lx

0

∫ Ly

0

∫ Lz

0

{

(

∂p

∂x

)2

+

(

∂p

∂y

)2

+

(

∂p

∂z

)2
}

dxdydz, (A2)

Wd2c =

∫ Lx

0

∫ Ly

0

wpdxdy, (A3)

Ud =
D

2

∫ Lx

0

∫ Ly

0

{

(

∂2w

∂x2

)2

+

(

∂2w

∂y2

)2

+2η
∂2w

∂x2

∂2w

∂y2
+2(1−η)

(

∂2w

∂x∂y

)2
}

dxdy+
1

2

∫

Γ

{

bw
2+B

(

∂w

∂n

)2
}

dl, (A4)

Td =
1

2
ρdhω

2

∫ Lx

0

∫ Ly

0

w
2dxdy, (A5)

Wf = fw(xf , yf ), (A6)

Wwall =
5

∑

i=1

∫

Si

−

p2

2jωZi

dSi, (A7)

Wc2d = Wd2c. (A8)

èêéêë
p ì w íêîêïêð.ñ<òêóêòêô�ì�õêö�÷�ø�ù ë ρc ì cc íêîêïêòêó.ñ<úêû�üêý�þ�ì�ò�ÿ ë ρd , h ì η íêîêïêõêöê÷êüêý

þ�� � þêì��������	� ë D ï�
����	
��êþ ë Si ïêòêð�� i ���������êü���� ë Zi ï������êü����������
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åçæ
2

è
(10)

é�#�$�%�&�' ü�(�)�*�+ è ï�,
kd(jq,j′q′) = 4D

[

Ly

L3
x

∫ 1

−1

∫ 1

−1

P′′

j (α)P′′

j′ (α)Pq(β)Pq′ (β)dαdβ+
Lx

L3
y

∫ 1

−1

∫ 1

−1

Pj(α)Pj′ (α)P′′

q (β)P′′

q′ (β)dαdβ+

η

LxLy

∫ 1

−1

∫ 1

−1

P′′

j (α)Pj′ (α)P′′

q (β)Pq′ (β)dαdβ+
η

LxLy

∫ 1

−1

∫ 1

−1

Pj(α)P′′

j′ (α)Pq(β)P′′

q′ (β)dαdβ+

2(1 − η)

LxLy

∫ 1

−1

∫ 1

−1

P′

j(α)P′

j′ (α)P′

q(β)P′

q′ (β)dαdβ

]

+

Lx

2

∫ 1

−1

Pj(α)Pj′ (α)dα

[

by0Pq(−1)Pq′(−1)+
4

L2
y

By0P
′

q(−1)P′

q′ (−1)+byLyPq(1)Pq′ (1)+
4

L2
y

ByLyP′

q(1)P
′

q′ (1)

]

+

Ly

2

∫ 1

−1

Pq(β)Pq′ (β)dβ

[

bx0Pj(−1)Pj′ (−1)+
4

L2
x

Bx0P
′

j(−1)P′

j′ (−1)+bxLxPj(1)Pj′ (1)+
4

L2
x

BxLxP′

j(1)P
′

j′ (1)

]

,

(B1)

kc(lmn,l′m′n′) =
LxLyLz

2ρc

[

1

L2
x

∫ 1

−1

∫ 1

−1

∫ 1

−1

P′

l(α)P′

l′(α)Pm(β)Pm′ (β)Pn(γ)Pn′ (γ)dαdβdγ+

1

L2
y

∫ 1

−1

∫ 1

−1

∫ 1

−1

Pl(α)Pl′ (α)P′

m(β)P′

m′ (β)Pn(γ)Pn′(γ)dαdβdγ+

1

L2
z

∫ 1

−1

∫ 1

−1

∫ 1

−1

Pl(α)Pl′ (α)Pm(β)Pm′ (β)P′

n(γ)P′

n′ (γ)dαdβdγ

]

,

(B2)

md(jq,j′q′) =
LxLyρdh

4

∫ 1

−1

∫ 1

−1

Pj(α)Pj′ (α)Pq(β)Pq′ (β)dαdβ, (B3)

mc(lmn,l′m′n′) =
LxLyLz

8ρcc2
c

∫ 1

−1

∫ 1

−1

∫ 1

−1

Pl(α)Pl′ (α)Pm(β)Pm′ (β)Pn(γ)Pn′(γ)dαdβdγ, (B4)

cd2c(jq,lmn) =
LxLyPn(1)

4

∫ 1

−1

∫ 1

−1

Pj(α)Pl(α)Pq(β)Pm(β)dαdβ, (B5)

zc(lmn,l′m′n′) = −

1

4j

[
∫ 1

−1

∫ 1

−1

LxLyPn(−1)Pn′ (−1)

Zz0
Pl(β)Pl′(β)Pm(γ)Pm′ (γ)dαdβ+

∫ 1

−1

∫ 1

−1

LyLzPl(−1)Pl′(−1)

Zx0
Pm(β)Pm′ (β)Pn(γ)Pn′ (γ)dβdγ+

∫ 1

−1

∫ 1

−1

LyLzPl(1)Pl′ (1)

ZxLx

Pm(β)Pm′ (β)Pn(γ)Pn′ (γ)dβdγ+

∫ 1

−1

∫ 1

−1

LxLzPm(−1)Pm′ (−1)

Zy0
Pl(α)Pl′ (α)Pn(γ)Pn′ (γ)dαdγ+

∫ 1

−1

∫ 1

−1

LxLzPm(1)Pm′ (1)

ZyLy

Pl(α)Pl′ (α)Pn(γ)Pn′ (γ)dαdγ

]

.

(B6)


